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2.divF=2z+x+1=3z+1s0 6.
[ffgdivFdV = fffE(.'S:c-}-l ydv = f fu der? (3rcosf + 1) rdzdrdé
_fo 2 r(3rcosd + 1)(4 — r2) df dr
= 0 Tr(d—7 )|:E‘nr's1119+6’]a'_21'r dr ;
=9 [Z(4r — r¥)dr = 2n[2r% — Zrﬂg l
=2m(8 ~4)=8n ]
On Sy: The surface is z = 4 — 2% — y%, 22 + 42 < 4, with upward orien;ation, andF =z2i+2yj+{4—z* —¢*)k Then
[s, F-d8 = [[,[-@*)(~22) - (ay)(~2) + (4~ ~¢)| dA E ;
= ff, [25(z® +¥°) + 4 — (2® +y2)] dA = [2" [Z(2rcosg - r? 44— ) rdrdf 9
= f7" [2r° cosf + 2r% — 3r4]Z2 S (8 cosf +4) df = [Ssing +40];" =8 10
On S2: The surface is # = 0 with downward orentation, so F = 2% i 4 zyj,n = —kand ff52 F.-ndS= ff52 0dS =10.
Thus [f, F-dS = ffg, F-dS+ [f; F-dS =8m.
JdivF=z+4+y+=zs0
[[fgdivFaV = 2" J3 [ (rcos8 +rsind +z)rdzdrdf = _['2" J) (r* cosé +r?sinf + }r) drdf .

=i (1 cos0 + 3sin6+5) df = (27) =
Let S be the top of the cylinder, Sz the bottom, and 53 the vertical edge. OnS,z=l,n=kandF=agyi+yj-ak so
fle,F-dS=[[s F-ndS= [f; =dS = 2% [Y(rcos8)rdrdd = [sinf]]" [2r%], = 0.
On Sz, z=0,n=—k,and F = zyiso [f, F-dS= [f; 0dS=0.
Sy is given by r(f, z) = cos@i +sinfj+ 2k, 0<0<2m, 05 2< 1, Thenry xr, = cosfli+sinfjand
[fs,F-dS=[[,F-(ro xrz)dA= JZ™ f3 (cos® 0sin @ + zsin® 6) dz dp
= [ (cos® 95ind + Lsin®8) df = [~ cos® 0+ L (6 — L sin20)])" = %
Thus [f(F-dS=0+0+% = 3. '
4 divF=141+1=3,s0 [ff divFdV = [f[ ,3dV = 3(volume of ball) = 3(§=) = 4. To find f[; F - dS we use
spherical coordinates. § is the unit sphere, represented by r(¢, ) =sin¢ cos0i+sing sinfj - cosgk, 0 < g < m,
0 <6< 2n Thenry X rp = sin® ¢ cos8i+ sin® ¢ sin 6 j + sin¢ cos ¢ k (see Example 17.6.10 [ET 16.6.10]) and
F(r(¢,0)) =sin¢ cos#i+ sin¢ siné j + cosp k. Thus
[fgF-dS= ffD -(rg xrg)dA = 2” I ST (sin® ¢ cos® 8 + sin® ¢ sin® 6 + sin @ cos® ¢} dpdf
"df [ singde = (2m}(2) =
5 divF = 3% (e siny) + 56;- (€® cosy) + % (y2?%) = e® siny — €¥ siny + 2yz = 2yz, so by the Divergence Theorem,

[foF-dS=[ffpdivFdV = ' [1 [? 2yzdedyds =2 ] do [ ydy [} zdz=2[z]; [34°]; [22%] =2
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6. divF = £ (z%:%) + % (2zy2°) + £ (22*) = 222% + 222° + 422° — 8z°, 50 by the Divergence Theorem,
Jfs F-dS=[ffodivFdv = [* f2 2, a2 dzdyde = 8% ade [2, dy 2, 2tds
= 8[%‘”2] 1—1 [y]iz [%zﬂis =0
7T.divF =32 +0+ 322, 50 using cylindrical coordinates with y=rcosf, z=rsind, 2 = r we have -
Js¥-dS= f{f (3% + 32%)aV = f>" Jo J2.(37% cos® 6 + 3r2 sin? 0) r de dr df
=3[;7dd [ ridr [? do= 3(27:)(7})(3) =&
8. divF = 32%y — 22°y — 2’y = 0,50 [, F-dS = [ffz0dv =u0.
8. divF =ysinz +0 — ysinz = 0, so by the Divergence Theorem, ff, ¥ dS = fffz0dv =0. )
10. divF = 22y + 22y + 22y = 6xy, so
JfsF-dS = [If g6y dV = fol fogagy fo2_m_2y By dz dr dy = fo f2 2y 6zy(2 — z — 2y) dr dy
=Jo Jo (2zy - 66*y — 19y dzdy = [ [y — 20ty — 62%y2] 222 gy
=y ¥ -2 dy = -2 + 6y -8y +447]] = 2
N divF =3 +0+22 =% + 4250
JIsF-d8 = [[f (=" +9y)aV = 27 [2 (4% rdzdrdd = T2 4 —r)drdo
= U" dé fﬁ (4r® —r®)dr = 2r[r® — -é-rs]g =37
12. div F = 42® + 4237 50
JIsF-dS = f[f pda(a® +42)dV = [ [* [7°°9%2 (408 005 0) 1 dz dr dB
= Jo7 J (4r® cos® 0 + 81 cos §) dr df = Jo7 ($eos?8 + & cos6) do = i
13. divF = 12272 + 1242 + 1223 50
[foF-d8 = S p122(2% + 4 + 22)dv = fozw N J:)R 12{pcos ¢){0%) p® sin ¢ dp do d9
=12 ;7 d0 f7sing cos pdg [ p° dp = 12(2m) [3 sin? lo [26°]7 =0
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, 80

z2+y2+z2 $2+y2+z2
’ \/m2+y2-i~z2—-zz/\/mz+y2+z2
: w2 +y? 422
I o o 2 +y? 22—y o+ 42— Ae* + 4> +2%) 2

(22 + y2 + 22)%/2 (@2 4+ 32 + 227 (2% 4+ 2 4 52)3/2 (@2 +y2 +22)%2 VER R 22

f F-dS 2 [T bdpdo d
h f . =//f =f f f —p sin
Then s £ \J2? +y? + 22 0 a Jo P £

=2[;singdg [77d [} pdp = 2(1) (2m) (3) = 2
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15. ffSF.dS=fffE,/3_m2'dV=f_11f f2 ot eyt A= dzdyde =3 2+ B sin™ 1(@)
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By the Divergence Theorem, the flux of F across the surface of the cube is

J[F-dS= f;fz Oﬂfzjgr/z [cosz cos®y + 3sin’ y cosy cos® z + Bsin® z cos z cos® z] dz dy dz = Ln?

17. For Sy wehaven = -k, 50 F-n =F - (—k) = —z%z — yz = —y? (since z = 0 on 51). So if D is the unit disk, we get
[fg, F-dS= [ F-ndS=[f(-y")dA=~ 02" o 7° (sin® 8) r dr df = —%m. Now since Sz is closed, we can use
the Divergence Theorem. Since divF = £ (2%z) + £ (3° + tan2) + £ (22 +v7) = 2% + ¢* + 2, we use spherical
coordinates to get ffs F.dS= fffE divFdV = f ”/2 ,o2 pPeinddpdpds = 7. Finally
JIsF-dS=[f; F-dS—~ [fg F-dS={m—(-gm) = Fm

18. As in the hint to Exercise 19, we create a closed surface S» = S U Sy, where S is the part of the paraboloid 2% + 4% 4 2 = 2
that lies above the plane z = 1, and §; is the disk 2% + 3 = 1 on the plane z = 1 oriented downward, and we then apply the

Divergence Theorem. Since the disk S is oriented downward, its unit normal vectorisn = ~kand F - (~k) = —z2=—1on

Sy. 80 [fg F-dS= [f; F-ndS = [fs,(=1)d8 = —A(S1) = —n. Let E be the region bounded by S». Then

[fs, F-dS = [[fpdivFav = [[f 14V = [7 [ [~ * rdzddr = [3[27(r — r¥) df dr = (27)% = Z. Thus the
fhux of F across Sis [f F-dS = [f; F-dS— [f; F-dS=5 - (-m}=¥ |
19. The vectors that end near Py are longer than the vectors that start near Py, so the net flow is inward near P and div F(P;) is
negative. The vectors that end near Pz‘ are shorter than the vectors that start near P, 5o the net flow is outward near Py and
div F{P») is positive.
20. (a) The vectors that end near P, are shorter than the Lvectors that start near P, so the net flow is outward and P; is a source,
The vectors that end near P are longer than the vectors that start near P, so the net flow is inward and P; is a sink,
®) F(z,y) = {2,3*) = divF =V F =1+ 2y. The y-value at P is positive, so divF = 1 + 2y is positive, thus P
is a source. At Py, y < —1, so divF = 14 2y is negative, and P, is a sink.

21. 5 From the graph it appears that for points above the x-axis, vectors starting near a
particular point are Jonger than vectors ending there, so divergence is positive.

The opposite is true at points below the z-axis, where divergence is negative.

.....

||||||||||

Fley)=(a+y’) = dvF=gFm)+F e+ =v+2 =73

Thus divF > 0 fory > 0, and divF < 0 fory < 0.
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22, 4 > From the graph it appears that for points above the line y = —x, vectors starting
(A2 ittt/ . .
AL near a particular point are longer than vectors ending there, so divergence is
A positive. The opposite is true at points below the line y = —zx, where divergence
e L is negative,
N P F(z,y)=(z¢") = divF=£ (2")+ £ (¥°) = 2o+ 2y. Then
PV R S R N A B .
Ry y, divF >0for2z+2y >0 = y>-—z,anddivF <Ofory < ~z.
-4

23. Since with similar expressions

x _ wityj+zk an a T _ (Z* 9P+ 7)) — 32?
|x!3—(-’r2+’y2+22)3/2 Oz \ (22 + ¢ + 22)3/2 - (22 + y2 + 22)5/2

or i —y— and 3 ———z——' we have
ay (562 + yz 4 z2)3/2 (mz + y2 + 22)3/2 2. “

dw(] |3)23(w2+y2+z2)_3(w o+

= (), except at (0, 0, 0) where it is undefined.
(22 + 42 + 22)5/2 P ( )

24. We first need to find F so that [, F-ndS = [f.(25 + 2y + 2°)dS,soF - n = 2z + 2y + 2% But for S,

3 ne Zituitzk o it sk ThusF = 2i+2j+ zkand divF = 1.

'_ : N

i If B = {(z,9,2) | 2° +4* +2* < 1}, then ff (25 + 2y +2%)dS = [ff AV = V(B) = $n(1)* = 4. !
%5. [fya-ndS= [ff,divadV = Osincediva =0, u
' % 3 f[sF-dS=3[ffpdivFdV =3 [[f3dV =V(E)

2. ffscurlF - dS = [ff o div(curl F)dV = 0 by Theorem 17.5.11 [ET 16.5.11], J
= B. [fs DnfdS = [fo(Vf -0)dS = [{f pdiv(Vf)adV = [ff VP fdV j

2. [f,(fVg) ndS _ [If g div(fVg)dV = [ff (fV?g+ Vg - VF)dV by Exercise 17.5.25 [ET 16.5.25).

=t ek

§ W f[s(fVg—gVS)-ndS = fff, [(fV?9+ Vg VF) - (gV*f + Vg-VF)]dV [by Exercise 29].
i -! ButVg-Vf=Vf-Vgsothat {[(fVg—gVf) ndS= [[[.(fV—gV?f)dV. ix

3 ‘ 3. If c = c1 1+ c2 j + ca k is an arbitrary constant vector, we define F = fe = fey i+ feej + fesk Then il
, , 8f  ,8f |, 8f . .
d1vF=d1vfc&%cl+§§@+-8—zc:3=Vf-candtheDwergenceTheoremsaysffsF-dS=fffEd1deV = !

[JsF-ndS = fff  Vf-cdV. Inparticular, if ¢ = i then [f; fi-ndS = [ff_ V[ idV =

r ] | ff frudS= ff/ Bf dV (where n = n1 i 4+ ng j + nz k). Similarly, if ¢ = j we have ff frnedS = /ff of dV, !j
E ] of
o ] and ¢ = k gives / f fradS = ] f f dV. Then

s fndS = ([fs fra dS) 1+ ([fs fradS) 3+ (Jf Fro dS)

= (fff Zav)e (flf.Zav)sw (ff) Lav)m [, (Lis L+ Gav

E: i
; = [ffzVFfdV asdesired.




