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20. The solid bounded by the cylinder and the planes
, and 

21. The solid enclosed by the cylinder and the 
planes and 

22. The solid enclosed by the paraboloid and the
plane 

(a) Express the volume of the wedge in the first octant that is
cut from the cylinder by the planes and

as a triple integral.
(b) Use either the Table of Integrals (on Reference Pages 6–10)

or a computer algebra system to find the exact value of the
triple integral in part (a).

24. (a) In the Midpoint Rule for triple integrals we use a triple
Riemann sum to approximate a triple integral over a box 

, where is evaluated at the center 
of the box . Use the Midpoint Rule to estimate

, where is the cube defined by
, , . Divide into eight

cubes of equal size.
(b) Use a computer algebra system to approximate the integral

in part (a) correct to the nearest integer. Compare with the
answer to part (a).

25–26 Use the Midpoint Rule for triple integrals (Exercise 24) to
estimate the value of the integral. Divide into eight sub-boxes of
equal size.

25. , where

26. , where 

27–28 Sketch the solid whose volume is given by the iterated 
integral.

28.

29–32 Express the integral as an iterated integral
in six different ways, where is the solid bounded by the given
surfaces.

29. ,

30. , ,

31. , ,

32. , , , x � y � 2z � 2z � 0y � 2x � 2

y � 2z � 4z � 0y � x 2

x � 2x � �2y 2 � z2 � 9

y � 0y � 4 � x 2 � 4z2

E
xxxE f �x, y, z� dV

y2

0
 y2�y

0
 y4�y 2

0
 dx dz dyy1

0
 y1�x

0
 y2�2z

0
 dy dz dx27.

B � ��x, y, z� � 0 � x � 4, 0 � y � 2, 0 � z � 1�
xxxB sin�xy 2z 3� dV 

B � ��x, y, z� � 0 � x � 4, 0 � y � 8, 0 � z � 4�

xxxB 
1

ln�1 � x � y � z�
 dV

B

CAS

B0 � z � 40 � y � 40 � x � 4
BxxxB sx 2 � y 2 � z 2   dV

Bijk

�xi, yj, zk �f �x, y, z�B

CAS

x � 1
y � xy 2 � z2 � 1

23.

x � 16
x � y 2 � z 2

z � 1y � z � 5
x 2 � y 2 � 9

y � 9z � 4z � 0,
y � x 21. Evaluate the integral in Example 1, integrating first with

respect to , then , and then .

2. Evaluate the integral , where

using three different orders of integration.

3–8 Evaluate the iterated integral.

3. 4.

5. 6.

7.

8.

9–18 Evaluate the triple integral.

9. , where

10. , where

, where lies under the plane 
and above the region in the -plane bounded by the curves

, , and 

12. , where is bounded by the planes , ,
, and 

13. , where is bounded by the parabolic cylinder
and the planes , , and 

14. , where is bounded by the parabolic cylinders
and and the planes and 

15. , where is the solid tetrahedron with vertices
, , , and 

16. , where is the solid tetrahedron with vertices
, , , and 

17. , where is bounded by the paraboloid 
and the plane 

18. , where is bounded by the cylinder 
and the planes , , and in the first octant

19–22 Use a triple integral to find the volume of the given solid.

The tetrahedron enclosed by the coordinate planes and the
plane 2x � y � z � 4

19.

z � 0y � 3xx � 0
y 2 � z2 � 9ExxxE z dV

x � 4x � 4y2 � 4z2
ExxxE x dV

�1, 0, 1��1, 1, 0��1, 0, 0��0, 0, 0�
TxxxT xyz dV

�0, 0, 1��0, 1, 0��1, 0, 0��0, 0, 0�
TxxxT x 2 dV

z � x � yz � 0x � y 2y � x 2
ExxxE xy dV

x � �1x � 1z � 0z � 1 � y2
ExxxE x 2e y dV

2x � 2y � z � 4z � 0
y � 0x � 0Exxx

E
 y dV

x � 1y � 0y � sx 
xy

z � 1 � x � yExxxE 6xy dV11.

E � ��x, y, z� � 0 � x � 1, 0 � y � x, x � z � 2x�
xxxE yz cos�x 5 � dV

E � {�x, y, z� � 0 � y � 2, 0 � x � s4 � y 2 , 0 � z � y}
xxxE 2x dV

ys� 

0
 yx

0
 yxz

0
 x 2 sin y dy dz dx

y��2

0
 yy

0
 yx

0
 cos�x � y � z� dz dx dy

y1

0
 yz

0
 yy

0
 ze�y2

 dx dy dzy3

0
 y1

0
 ys1�z 2

 

0
 ze y dx dz dy

y1

0
 y2x

x
 yy

0
 2xyz dz dy dxy1

0
 yz

0
 yx�z

0
 6xz dy dx dz

E � ��x, y, z� � �1 � x � 1, 0 � y � 2, 0 � z � 1�

xxxE �xz � y 3� dV

xzy
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40. is the tetrahedron bounded by the planes , , 
, ;

41–44 Assume that the solid has constant density .

41. Find the moments of inertia for a cube with side length if 
one vertex is located at the origin and three edges lie along the
coordinate axes.

42. Find the moments of inertia for a rectangular brick with dimen-
sions , , and and mass if the center of the brick is situ-
ated at the origin and the edges are parallel to the coordinate
axes.

43. Find the moment of inertia about the -axis of the solid cylin-
der , .

44. Find the moment of inertia about the -axis of the solid cone
.

45–46 Set up, but do not evaluate, integral expressions for 
(a) the mass, (b) the center of mass, and (c) the moment of inertia
about the -axis.

45. The solid of Exercise 21;

46. The hemisphere , ; 

47. Let be the solid in the first octant bounded by the cylinder
and the planes , , and with the

density function . Use a computer
algebra system to find the exact values of the following quan-
tities for .
(a) The mass
(b) The center of mass
(c) The moment of inertia about the -axis

48. If is the solid of Exercise 18 with density function
, find the following quantities, correct 

to three decimal places.
(a) The mass
(b) The center of mass
(c) The moment of inertia about the -axis

49. The joint density function for random variables , , and is
if , and

otherwise.
(a) Find the value of the constant .
(b) Find .
(c) Find .

50. Suppose , , and are random variables with joint density
function if , , ,
and otherwise.
(a) Find the value of the constant .
(b) Find .
(c) Find .P�X � 1, Y � 1, Z � 1�

P�X � 1, Y � 1�
C

f �x, y, z� � 0
z � 0y � 0x � 0f �x, y, z� � Ce��0.5x�0.2y�0.1z�

ZYX

P�X � Y � Z � 1�
P�X � 1, Y � 1, Z � 1�

C
f �x, y, z� � 0

0 � x � 2, 0 � y � 2, 0 � z � 2f �x, y, z� � Cxyz
ZYX

z

� �x, y, z� � x 2 � y 2
ECAS

z

E

� �x, y, z� � 1 � x � y � z
z � 0x � 0y � zx 2 � y 2 � 1

ECAS

� �x, y, z� � sx 2 � y 2 � z 2 

z � 0x 2 � y 2 � z2 � 1

� �x, y, z� � sx 2 � y 2 

z

sx 2 � y 2 � z � h
z

0 � z � hx 2 � y 2 � a 2
z

Mcba

L

k

� �x, y, z� � yx � y � z � 1z � 0
y � 0x � 0E33. The figure shows the region of integration for the integral

Rewrite this integral as an equivalent iterated integral in the
five other orders.

34. The figure shows the region of integration for the integral

Rewrite this integral as an equivalent iterated integral in the
five other orders.

35–36 Write five other iterated integrals that are equal to the
given iterated integral.

36.

37–40 Find the mass and center of mass of the solid with the
given density function .

37. is the solid of Exercise 11;

38. is bounded by the parabolic cylinder and the
planes , , and ;

is the cube given by , , ;
� �x, y, z� � x 2 � y 2 � z2

0 � z � a0 � y � a0 � x � aE39.

� �x, y, z� � 4z � 0x � 0x � z � 1
z � 1 � y 2E

� �x, y, z� � 2E

�
E

y1

0
 y x2

0
 yy

0
 f �x, y, z� dz dy dx

y1

0
 y1

y
 yy

0
 f �x, y, z� dz dx dy35.

1

1

1
z=1-≈

y=1-x

0

y

x

z

y1

0
 y1�x2

0
 y1�x

0
 f �x, y, z� dy dz dx

0

z

1

x

1 y

z=1-y

y=œ„x

y1

0
 y1

sx 
 y1�y

0
 f �x, y, z� dz dy dx
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52. Find the average value of the function 
over the region enclosed by the paraboloid 
and the plane .

53. Find the region for which the triple integral 

is a maximum.

yyy
E

�1 � x 2 � 2y 2 � 3z 2� dV

E

z � 0
z � 1 � x 2 � y 2

f �x, y, z� � x 2z � y 2z51–52 The average value of a function over a solid
region is defined to be 

where is the volume of . For instance, if is a density 
function, then is the average density of .

Find the average value of the function over the
cube with side length that lies in the first octant with one 
vertex at the origin and edges parallel to the coordinate axes.

L
f �x, y, z� � xyz51.

E�ave

�EV�E �

fave �
1

V�E�
 yyy

E

 f �x, y, z� dV

E
f �x, y, z�

In this project we find formulas for the volume enclosed by a hypersphere in -dimensional
space.

1. Use a double integral and trigonometric substitution, together with Formula 64 in the Table 
of Integrals, to find the area of a circle with radius .

2. Use a triple integral and trigonometric substitution to find the volume of a sphere with 
radius .

3. Use a quadruple integral to find the hypervolume enclosed by the hypersphere
in . (Use only trigonometric substitution and the reduction 

formulas for or .)

4. Use an -tuple integral to find the volume enclosed by a hypersphere of radius in 
-dimensional space . [Hint: The formulas are different for even and odd.]nn�nn

rn

x cosnx dxx sinnx dx
�4x 2 � y 2 � z 2 � w 2 � r 2

r

r

n

VOLUMES OF HYPERSPHERESD I S C O V E R Y
P R O J E C T

TRIPLE INTEGRALS IN CYLINDRICAL COORDINATES

In plane geometry the polar coordinate system is used to give a convenient description of
certain curves and regions. (See Section 10.3.) Figure 1 enables us to recall the connection
between polar and Cartesian coordinates. If the point has Cartesian coordinates 
and polar coordinates , then, from the figure,

In three dimensions there is a coordinate system, called cylindrical coordinates, that is
similar to polar coordinates and gives convenient descriptions of some commonly occur-
ring surfaces and solids. As we will see, some triple integrals are much easier to evaluate
in cylindrical coordinates.

tan � �
y

x
r 2 � x 2 � y 2

y � r sin �x � r cos �

�r, ��
�x, y�P

15.7

O

y

x

¨

x

y
r

P(r, ̈ )=P(x, y)

FIGURE 1  
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20. Evaluate , where is enclosed by the planes 
and and by the cylinders and

.

Evaluate , where is the solid that lies within the
cylinder , above the plane , and below the
cone .

22. Find the volume of the solid that lies within both the cylinder
and the sphere .

23. (a) Find the volume of the region bounded by the parabo-
loids and .

(b) Find the centroid of (the center of mass in the case
where the density is constant).

24. (a) Find the volume of the solid that the cylinder 
cuts out of the sphere of radius centered at the origin.

; (b) Illustrate the solid of part (a) by graphing the sphere and
the cylinder on the same screen.

25. Find the mass and center of mass of the solid bounded by
the paraboloid and the plane if

has constant density .

26. Find the mass of a ball given by if the
density at any point is proportional to its distance from the 
-axis.

27–28 Evaluate the integral by changing to cylindrical coordinates.

27.

28.

29. When studying the formation of mountain ranges, geologists
estimate the amount of work required to lift a mountain from
sea level. Consider a mountain that is essentially in the shape
of a right circular cone. Suppose that the weight density of 
the material in the vicinity of a point is and the height 
is .
(a) Find a definite integral that represents the total work done

in forming the mountain.
(b) Assume that Mount Fuji in Japan is in the shape of a right

circular cone with radius 62,000 ft, height 12,400 ft, and
density a constant 200 lb�ft . How much work was done
in forming Mount Fuji if the land was initially at sea level?

P

3

h�P�
t�P�P

y3

�3
 ys9�x 2 

0
 y9�x 2�y 2

0
 sx2 � y2  dz dy dx

y2

�2
 ys4�y 2  

�s4�y 2 
 y2

sx 2�y 2 
  xz dz dx dy

z

x 2 � y 2 � z2 � a 2B

KS
z � a �a 	 0�z � 4x 2 � 4y 2

S

a
r � a cos �

E
z � 36 � 3x 2 � 3y 2z � x 2 � y 2

E

x 2 � y 2 � z2 � 4x 2 � y 2 � 1

z2 � 4x 2 � 4y 2
z � 0x 2 � y 2 � 1

ExxxE x 2 dV21.

x 2 � y 2 � 9
x 2 � y 2 � 4z � x � y � 5

z � 0ExxxE x dV1–2 Plot the point whose cylindrical coordinates are given. Then
find the rectangular coordinates of the point.

1. (a) (b)

2. (a) (b)

3–4 Change from rectangular to cylindrical coordinates.

(a) (b)

4. (a) (b)

5–6 Describe in words the surface whose equation is given.

5. 6.

7–8 Identify the surface whose equation is given.

7. 8.

9–10 Write the equations in cylindrical coordinates.

(a) (b)

10. (a) (b)

11–12 Sketch the solid described by the given inequalities.

11. , ,

12. ,

13. A cylindrical shell is 20 cm long, with inner radius 6 cm and
outer radius 7 cm. Write inequalities that describe the shell 
in an appropriate coordinate system. Explain how you have
positioned the coordinate system with respect to the shell.

; 14. Use a graphing device to draw the solid enclosed by the 
paraboloids and .

15–16 Sketch the solid whose volume is given by the integral 
and evaluate the integral.

15. 16.

17–26 Use cylindrical coordinates.

Evaluate , where is the region that lies
inside the cylinder and between the planes

and .

18. Evaluate , where is the solid in the first
octant that lies beneath the paraboloid .

19. Evaluate , where is enclosed by the paraboloid
, the cylinder , and the -plane.xyx 2 � y 2 � 5z � 1 � x 2 � y 2

ExxxE e z dV

z � 1 � x 2 � y 2
Exxx

E
 �x 3 � xy 2 � dV

z � 4z � �5
x 2 � y 2 � 16

Exxx
E
 sx 2 � y 2  dV17.

y��2

0
 y2

0
 y9�r 2

0
 r dz dr d�y4

0
 y2�

0
 y4

r
 r dz d� dr

z � 5 � x 2 � y 2z � x 2 � y 2

r � z � 20 � � � ��2

0 � z � 1���2 � � � ��20 � r � 2

�x 2 � y 2 � z2 � 13x � 2y � z � 6

x 2 � y2 � 2yz � x 2 � y29.

2r 2 � z2 � 1z � 4 � r 2

r � 5� � ��4

�4, �3, 2�(2s3, 2, �1)
(�1, �s3 , 2)�1, �1, 4�3.

�1, 3��2, 2��1, �, e�

�4, ���3, 5��2, ��4, 1�
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19–20 Set up the triple integral of an arbitrary continuous function
in cylindrical or spherical coordinates over the solid

shown.

19. 20.

21–34 Use spherical coordinates.

Evaluate , where is the ball with 
center the origin and radius 5.

22. Evaluate , where is the solid
hemisphere , .

23. Evaluate , where lies between the spheres
and in the first octant.

24. Evaluate , where is enclosed by the sphere
in the first octant.

25. Evaluate , where is bounded by the -plane 
and the hemispheres and

.

26. Evaluate , where lies between the spheres 
and and above the cone .

27. Find the volume of the part of the ball that lies between
the cones and .

28. Find the average distance from a point in a ball of radius to 
its center.

29. (a) Find the volume of the solid that lies above the cone
and below the sphere .

(b) Find the centroid of the solid in part (a).

Find the volume of the solid that lies within the sphere
, above the -plane, and below the cone

.

31. Find the centroid of the solid in Exercise 25.

32. Let be a solid hemisphere of radius whose density at any
point is proportional to its distance from the center of the base.
(a) Find the mass of .
(b) Find the center of mass of .
(c) Find the moment of inertia of about its axis.

33. (a) Find the centroid of a solid homogeneous hemisphere of
radius .

(b) Find the moment of inertia of the solid in part (a) about a
diameter of its base.

a

H
H

H

aH

z � sx 2 � y 2 

xyx 2 � y 2 � z 2 � 4
30.

� � 4 cos 

 � ��3

a


 � ��3
 � ��6
� � a


 � ��3� � 4� � 2
ExxxE xyz dV

y � s16 � x 2 � z 2 
y � s9 � x 2 � z 2 

xzExxxE x 2 dV

x 2 � y 2 � z2 � 9
ExxxE esx2�y2�z2  dV

x 2 � y 2 � z 2 � 4x 2 � y 2 � z 2 � 1
Exxx

E
 z dV

z � 0x 2 � y 2 � z2 � 9
Hxxx

H
 �9 � x 2 � y 2 � dV

BxxxB �x 2 � y 2 � z2 �2 dV21.

z

x
y

3

2

z

x y2
1

f �x, y, z�
1–2 Plot the point whose spherical coordinates are given. Then
find the rectangular coordinates of the point.

(a) (b)

2. (a) (b)

3–4 Change from rectangular to spherical coordinates.

3. (a) (b)

4. (a) (b)

5–6 Describe in words the surface whose equation is given.

6.

7–8 Identify the surface whose equation is given.

7. 8.

9–10 Write the equation in spherical coordinates.

9. (a) (b)

10. (a) (b)

11–14 Sketch the solid described by the given inequalities.

11. , ,

12. ,

13. ,

14. ,

15. A solid lies above the cone and below the
sphere . Write a description of the solid in
terms of inequalities involving spherical coordinates.

16. (a) Find inequalities that describe a hollow ball with diameter
30 cm and thickness 0.5 cm. Explain how you have
positioned the coordinate system that you have chosen.

(b) Suppose the ball is cut in half. Write inequalities that
describe one of the halves.

17–18 Sketch the solid whose volume is given by the integral and
evaluate the integral.

18. y2�

0
 y�

��2
 y2

1
 �2 sin 
 d� d
 d�

y��6

0
 y��2

0
 y3

0
 �2 sin 
 d� d� d
17.

x 2 � y 2 � z2 � z
z � sx 2 � y 2 

� � csc 
� � 2

3��4 � 
 � �� � 1

��2 � 
 � �2 � � � 3

0 � � � ��20 � 
 � ��2� � 2

x � 2y � 3z � 1x 2 � 2x � y 2 � z 2 � 0

x 2 � z2 � 9z2 � x 2 � y 2

� 2 �sin2
 sin2� � cos2
� � 9� � sin � sin 


� � 3
 � ��35.

(�1, 1, s6 )(0, s3 , 1)

�0, �1, �1�(1, s3 , 2s3 )

�4, 3��4, ��3��5, �, ��2�

�2, ��3, ��4��1, 0, 0�1.
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