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PROPERTIES OF DOUBLE INTEGRALS

We list here three properties of double integrals that can be proved in the same manner as
in Section 5.2. We assume that all of the integrals exist. Properties 7 and 8 are referred to
as the linearity of the integral.

7] ([ L7y + gtey1daa = [ £ ) da + [ glx, ) da
m Double integrals behave this way because R K K
the double sums that define them behave
this way.
ﬂ cf(x,y)dA = ¢ ﬁ f(x,y) dA where c is a constant
R R

If f(x,y) = g(x,y) for all (x, y) in R, then

3] [ £6eyyaa = [ g(x,y) aa
R R
| 15.1| EXERCISES

[1.] (a) Estimate the volume of the solid that lies below (b) Estimate the double integral with m = n = 4 by choosing
the surface z = xy and above the rectangle the sample points to be the points farthest from the origin.

R={(x))|[0=x=<60=<y=<4} 2o 1 2 3 4

Use a Riemann sum with m = 3, n = 2, and take the sample 1.0 2 0 -3 —6 -5

point to be the upper right corner of each square. L5 3 i 4 g 6

(b) Use the Midpoint Rule to estimate the volume of the solid ’ - i

in part (a). 2.0 4 3 0 -5 -8

2. If R =[—1,3] X [0, 2], use a Riemann sum with m = 4, 23 0 0 ’ ! 4

n = 2 to estimate the value of [, (y> — 2x7) dA. Take the 3.0 7 8 6 3 0

sample points to be the upper left corners of the squares.

6. A 20-ft-by-30-ft swimming pool is filled with water. The depth
is measured at 5-ft intervals, starting at one corner of the pool,
and the values are recorded in the table. Estimate the volume of
water in the pool.

3. (a) Use a Riemann sum with m = n = 2 to estimate the value
of [f, sin(x + y) dA, where R = [0, 7] X [0, 7]. Take the
sample points to be lower left corners.

(b) Use the Midpoint Rule to estimate the integral in part (a).

0 5 10 15 20 25 30
4. (a) Estimate the volume of the solid that lies below the surface
z = x + 2y?* and above the rectangle R = [0, 2] X [0, 4]. 0 ’ ? 0 / 8 8
Use a Riemann sum with m = n = 2 and choose the 5 2 3 7 8 10 8
sample points to be lower right corners. 10 2 4 6 8 10 12 10
(b) Use the Midpoint Rule to estimate the volume in part (a). 15 2 3 5 6 8
20 | 2 | 2 2 3 4 4
5. A table of values is given for a function f(x, y) defined on
R =1[1,3] X [0, 4]. Let V be the volume of the solid that lies under the graph of

(a) Estimate ffk f(x,y) dA using the Midpoint Rule with f(x,y) = /52 — x? — y? and above the rectangle given by
m=n=2. 2<x=<4,2<y=<6.Weusethelinesx =3 andy =4 to
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EXAMPLE 5 If R

= [0, 7/2] X [0, 7/2], then, by Equation 5,

ﬁ sin x cos ydA = jom sin x dx foﬁ/z cos ydy
R

m The function f(x, y) = sin x cos y in
Example 5 is positive on R, so the integral repre-
sents the volume of the solid that lies above R
and below the graph of f shown in Figure 6.

FIGURE 6

15.2| EXERCISES

= [—cosx]g/ [sm y]”/z— 1-1=1

N\ N
\\\\\\ NN

N N
NN

I-2 Find [? f(x,y) dx and [} f(x, y) dy

L f(x,y) = 12x%y* 2. f(x,y) =y + xe’

3-14 Calculate the iterated integral.

[3.] J‘f jol (I + 4xy) dxdy 4. fol jlz (4x® — 9x*y?) dy dx

5. Lz Lw/z x sinydydx 6. L;/: f: cos ydxdy

ffﬂd dx

10. fol LS e dx dy

7. foz J: (2x + y)¥dx dy
W) avas
1. fol Ll (u — v)’ dudv 12, fol Ll xyv/x% + y2dy dx

3. joz jo” r sin®6 df dr

4 J: jol Vs + tdsdt

15-22 Calculate the double integral.

15. ﬂ(6x2y =5y dA, R={(xy|0<x<3,0<ys<1}

16. ﬂcos(x+2y)dA, R={xy|0<sxsm0sy<a/2}
R

dA R={(xy|0sx<1, -3<y<3}

e

1+ x?
18. glersz, R={xy|0<x<10=<y<1}

[ xsin(x + y) dA, R = [0, m/6] X [0, 7/3]

=
b

=

dA, R=1[0,1]x1[0,1]

N
e
e —

1+ xy

21. fxye*'z”dA, R =10,1] X [0,2]

———dA, R=[1,2]x[0,1]

N
[d
e =

23-24 Sketch the solid whose volume is given by the iterated
integral.

1
L J: 4 —x —2y)dxdy

24. fol J: (2 —x*—ydydx

25. Find the volume of the solid that lies under the plane
3x + 2y + z = 12 and above the rectangle
R={(xy)[0=x<1, —2<y<3}

26. Find the volume of the solid that lies under the hyperbolic
paraboloid z = 4 4+ x* — y? and above the square
R=[-1,1] X [0, 2].
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Find the volume of the solid lying under the elliptic

28.

29.

30.

31

32.

(AS]33.

paraboloid x*/4 + y*/9 + z = 1 and above the rectangle
R=[-1,1] X [-2,2].

Find the volume of the solid enclosed by the surface
z=1+ e*sinyand the planes x = £1,y =0,y = m,
and z = 0.

Find the volume of the solid enclosed by the surface
z =xseczyandtheplanesz =0,x=0,x=2,y=0,
andy = /4.

Find the volume of the solid in the first octant bounded by
the cylinder z = 16 — x? and the plane y = 5.

Find the volume of the solid enclosed by the paraboloid
z=2+x*+ (y— 2\ andtheplanesz = 1,x = 1,x = —1,
y=0,and y = 4.

Graph the solid that lies between the surface

z = 2xy/(x* + 1) and the plane z = x + 2y and is bounded
by the planes x = 0, x = 2,y = 0, and y = 4. Then find its
volume.

Use a computer algebra system to find the exact value of the
integral [[, x’y’e*dA, where R = [0, 1] X [0, 1]. Then use
the CAS to draw the solid whose volume is given by the
integral.

Il 965

34. Graph the solid that lies between the surfaces

z=e¢"cos(x* + y?)andz =2 — x* — y*for |x| <
|y| < 1. Use a computer algebra system to approximate the

volume of this solid correct to four decimal places.

35-36 Find the average value of f over the given rectangle.

35 f(x, y)
36. f(x,y) = e’/x + ¢,

= x?y, R has vertices (—1,0), (—1,5), (1, 5), (1, 0)

= [0, 4] X [0, 1]

37. Use your CAS to compute the iterated integrals

j e ~dy dx and

b ) Iy

Do the answers contradict Fubini’s Theorem? Explain what
is happening.

38. (a) In what way are the theorems of Fubini and Clairaut

similar?
(b) If f(x, y) is continuous on [a, b] X [c, d] and

g(x,y) f f f(s, 1) dtds

Gyx :f(x’ y)

fora <x < b, c <y <d,show that g,, =

I15.3| DOUBLE INTEGRALS OVER GENERAL REGIONS

For single integrals, the region over which we integrate is always an interval. But for
double integrals, we want to be able to integrate a function f not just over rectangles but
also over regions D of more general shape, such as the one illustrated in Figure 1. We sup-
pose that D is a bounded region, which means that D can be enclosed in a rectangular
region R as in Figure 2. Then we define a new function F with domain R by

f(x,y) if (x,y)isin D
(1] F(x,y) = ] al .
0 if (x,y)isin R but notin D
7 y
R
= D
0 X 0 >
FIGURE | FIGURE 2
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EXAMPLE 6 Use Property 11 to estimate the integral ([, ¢™ *“*”dA, where D is the disk
with center the origin and radius 2.

SOLUTION Since —1 <sinx=<1land —1 <cosy <1, we have —1 < sinxcosy < 1 and

therefore

671 < esmxcosyg el =¢

Thus, using m = e~ ' = 1/e, M = e, and A(D) = (2)* in Property 11, we obtain

15.3| EXERCISES

4 .
— =< fes”‘“"”dA < 47re [ |
e

D

I-6 Evaluate the iterated integral.

I. f: foﬁxyz dx dy 2. ‘01 LZX (x — y)dy dx
3 fol f: (1 + 2y) dy dx 4. j: f‘ xy dx dy
El Lﬂ/z focosf?es;“gdr do 6. fol f:mtiu b

7-18 Evaluate the double integral.

mﬂ&%m D={(xy)|-1<y<1, —y—2<x=<)}

D
Yy
8. gxs-‘rldA’ D={(xy|0sx<10sy<x%}
9. ﬂdi, D={(xy|0sx<m 0<y<sinx}
D
|aﬂk%m D={xy)|l<x<e 0<y<Inx}
D

1. ﬂy%”dA, D={xy)|0<y<4 0sx<y}

D

n.ﬂx@ﬂ—th,quuJHOsysl,Osxsﬂ
D

@ﬂxcosydA, Disboundedby y =0, y =x% x =1

D

14. ﬂ (x + y) dA, D isbounded by y = /x and y = x>

D
wngﬁm,
D

D is the triangular region with vertices (0, 2), (1, 1), (3, 2)

16. ” xy?dA, Disenclosedby x = 0and x = /1 — y2

D

17 [ 2x = y) aa,

18.

D is bounded by the circle with center the origin and radius 2
ﬂ 2xy dA, D is the triangular region with vertices (0, 0),

(1.2). and (0. 3)

19—

19.

20.

28 Find the volume of the given solid.

Under the plane x + 2y — z = 0 and above the region
bounded by y = x and y = x*

Under the surface z = 2x + y? and above the region bounded
by x =y?and x = y*

Under the surface z = xy and above the triangle with vertices

22.

23.

24,
25.

26.

27.

28.

(1,1), 4,1),and (1, 2)

Enclosed by the paraboloid z = x* + 3y* and the planes x = 0,
y=1,y=x,z=0

Bounded by the coordinate planes and the plane
3x+2y+tz=6

Bounded by the planes z = x,y =x,x + y=2,and z = 0

Enclosed by the cylinders z = x?, y = x? and the planes
2=0,y=4

Bounded by the cylinder y? + z?> = 4 and the planes x = 2y,
x = 0, z = 0 in the first octant

Bounded by the cylinder x> + y> = 1 and the planes y = z,
x = 0, z = 0 in the first octant

Bounded by the cylinders x> + y? = r?and y* + 22 = r?

1A 29.

Use a graphing calculator or computer to estimate the
x-coordinates of the points of intersection of the curves y = x*
and y = 3x — x2 If D is the region bounded by these curves,
estimate [[, x dA.
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{4 30. Find the approximate volume of the solid in the first octant

that is bounded by the planes y = x, z = 0, and z = x and
the cylinder y = cos x. (Use a graphing device to estimate
the points of intersection.)

31-32 Find the volume of the solid by subtracting two volumes.

31. The solid enclosed by the parabolic cylinders
y=1—x%y=x?—1and the planes x + y + z = 2,
2x+2y—z+10=0

32. The solid enclosed by the parabolic cylinder y = x? and the
planesz =3y,z=2 +y

33-34 Sketch the solid whose volume is given by the iterated
integral.

33, JOI LH(l —x—y)dydx 34 L’ JU" (1 = x) dy dx

35-38 Use a computer algebra system to find the exact volume

of the solid.

35. Under the surface z = x*y* + xy? and above the region

bounded by the curves y = x> — xand y = x> + xforx = 0

36. Between the paraboloids z = 2x* + y* and
z =8 — x* — 2y” and inside the cylinder x*> + y* = 1

37. Enclosedbyz =1 — x> — y?andz =0

38. Enclosed by z = x? + y?and z = 2y

51-52 Express D as a union of regions of type I or type II and
evaluate the integral.

@ﬂxsz 52. f v dA

D

53-54 Use Property 11 to estimate the value of the integral.

53. JJ e W dA, Qs the quarter-circle with center the origin
0
and radius ; in the first quadrant

54. ‘[ f sin*(x + y) dA, Tis the triangle enclosed by the lines
T

y=0,y=2x,andx =1

55-56 Find the average value of f over region D.

55. f(x,y) = xy, D is the triangle with vertices (0, 0), (1, 0),
and (1, 3)

56. f(x,y) = xsiny, D isenclosed by the curves y = 0,
y=x%andx =1

39-44 Sketch the region of integration and change the order of
integration.

39. [ e ) dy ax a0. ['[* fy) dydx
41. J;ﬁj; f(x,y) dx dy 42. j: ;lryf(x, y) dx dy
[Irsesdsar a7 g dyds

45-50 Evaluate the integral by reversing the order of integration.

J‘Ol j;‘ eV dx dy 46. J‘Oﬁ J‘Vﬁ— cos(x?) dx dy
a7 j: ﬁ y? 1+ | dydx 48. fol f e dy dx

49. fol 2 cos x /1 + cos?x dxdy

arcsin y

50. f; Jfﬁ e dx dy

57. Prove Property 11.

In evaluating a double integral over a region D, a sum of
iterated integrals was obtained as follows:

[reeman= [ 7 sy dxay + [*[7 fxy) dxdy

Sketch the region D and express the double integral as an
iterated integral with reversed order of integration.

59. Evaluate [[, (x*tan x + y* + 4) dA, where
D ={(x,y) | x* + y? < 2}. [Hint: Exploit the fact that
D is symmetric with respect to both axes.]

60. Use symmetry to evaluate ([, (2 — 3x + 4y) dA, where D

is the region bounded by the square with vertices (£5, 0)
and (0, =5).

61. Compute [[, /1 — x> — y2 dA, where D is the disk
x? + y? < 1, by first identifying the integral as the volume
of a solid.

(AS]62. Graph the solid bounded by the plane x + y + z = 1 and

the paraboloid z = 4 — x? — y* and find its exact volume.
(Use your CAS to do the graphing, to find the equations of
the boundary curves of the region of integration, and to eval-
uate the double integral.)



i EXAMPLE 4 Find the volume of the solid that lies under the paraboloid z = x? + y?,
above the xy-plane, and inside the cylinder x* + y? = 2x.

SOLUTION The solid lies above the disk D whose boundary circle has equation
x? + y* = 2x or, after completing the square,

x—1)P2+y>=1

(See Figures 9 and 10.) In polar coordinates we have x* + y* = r? and x = r cos 6, so
the boundary circle becomes > = 2rcos 6, or r = 2 cos . Thus the disk D is given by

D={(r, 0) | —m/2 <0< /2, 0sr$20039}

and, by Formula 3, we have

2cos 6
_ 5 5 _ /2 2 cos 6 5 _ /2 r_4
v g (x> + y?) dA L/z [ r2rarao Lﬂ [ 4] d9

0

_ (" . o (™ _ o 7?1+ cos26 2
4}777/2 cos“0do Sfo cos‘0do SJO (—2 de

=2 ["[1 + 200526 + 3(1 + cos 46)] dp
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y
(x—12+y*=1
(or r=2cos 6)
D
0 1 2
FIGURE 9
V4
X
y
FIGURE 10

I5.4| EXERCISES

. 3 3
—2[30 + sin26 + Lsin40]]” = 2<3> <1> _57 -

5-6 Sketch the region whose area is given by the integral and eval-

I-4 A region R is shown. Decide whether to use polar coordinates
or rectangular coordinates and write ﬂR f(x,y) dA as an iterated
integral, where f is an arbitrary continuous function on R.

[1] y 2. y

1 y=1-2x?

uate the integral.

5. Jjw f: rdrdf 6. jon/z f; o rdrdf

7-14 Evaluate the given integral by changing to polar coordinates.
7. ([, xydA,
where D is the disk with center the origin and radius 3

8. [[, (x + y) dA, where R is the region that lies to the left of the
y-axis between the circles x> + y> = 1 and x> + y?> = 4

9. [[,cos(x* + y*) dA, where R is the region that lies above the
x-axis within the circle x* + y> =9

10. [, V4 —x?—y? dA,

where R = {(x,y) | x> + y>* < 4, x = 0}

(11, J‘fD e 7" dA, where D is the region bounded by the
semicircle x = /4 — y? and the y-axis

12. J'fR ye* dA, where R is the region in the first quadrant enclosed
by the circle x* + y* = 25
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13 Jf, arctan( /) dd.
where R ={(x,y) |1 <= x>+ y* <4, 0<y <ux}

14. ([, x dA, where D is the region in the first quadrant that lies
between the circles x> + y?> = 4 and x> + y? = 2x

15-18 Use a double integral to find the area of the region.

[I5.] One loop of the rose r = cos 36

16. The region enclosed by the curve r = 4 + 3 cos 0

17. The region within both of the circles r = cos 6 and r = sin 6

18. The region inside the cardioid » = 1 + cos 6 and outside the
circle r = 3 cos 6

19-27 Use polar coordinates to find the volume of the given solid.

19. Under the cone z = 4/x2+ y2 and above the disk x> + y> < 4

20. Below the paraboloid z = 18 — 2x* — 2y” and above the
xy-plane

21. Enclosed by the hyperboloid —x* — y* + z* = 1 and the
plane z = 2

22. Inside the sphere x> + y* + z? = 16 and outside the
cylinder x* + y?> = 4

23. A sphere of radius a

24. Bounded by the paraboloid z = 1 + 2x? + 2y? and the
plane z = 7 in the first octant

Above the cone z = \/x2 + y2 and below the sphere
X+ yi+ =1

26. Bounded by the paraboloids z = 3x* + 3y? and
z=4—x*—y?

27. Inside both the cylinder x* + y? = 4 and the ellipsoid
4x? + 4y* + 2> = 64

28. (a) A cylindrical drill with radius r; is used to bore a hole
through the center of a sphere of radius r,. Find the volume
of the ring-shaped solid that remains.

(b) Express the volume in part (a) in terms of the height / of
the ring. Notice that the volume depends only on 4, not
on ry or ;.

29-32 Evaluate the iterated integral by converting to polar
coordinates.

29. (,33 J;W sin(x” + y*)dydx  30. J J.O __x’ydxdy

(fa
0 J-yar—y

3. Ll J:/ﬁ (x +y)dxdy

32. j: Lﬂrﬂ Vx? + y2dydx

33. A swimming pool is circular with a 40-ft diameter. The depth
is constant along east-west lines and increases linearly from
2 ft at the south end to 7 ft at the north end. Find the volume of
water in the pool.

34. An agricultural sprinkler distributes water in a circular pattern
of radius 100 ft. It supplies water to a depth of e " feet per hour
at a distance of r feet from the sprinkler.

(a) If 0 < R =< 100, what is the total amount of water supplied
per hour to the region inside the circle of radius R centered
at the sprinkler?

(b) Determine an expression for the average amount of water
per hour per square foot supplied to the region inside the
circle of radius R.

[35.] Use polar coordinates to combine the sum
1 X (V2 [x 2 Va=x?
f}/ﬂf —_l dy dx + Jl fo xydydx + J.ﬁ fo xy dy dx

into one double integral. Then evaluate the double integral.

36. (a) We define the improper integral (over the entire plane R?)
1= [f e A = jm jm e N gy dx
2 o)

= lim JJ e dA
a )

where D, is the disk with radius a and center the origin.
Show that

[ evan=a

(b) An equivalent definition of the improper integral in part (a)
is

a—»

—(y?) — 1 —(Hy?)
Dge ) dA hmge %) JA

where S, is the square with vertices (*a, =a). Use this to
show that

r e dx J: e”zdy =1

(c) Deduce that

Jf e dx = \/;
(d) By making the change of variable r = /2 x, show that

r e Pdx = 27

—

(This is a fundamental result for probability and statistics.)

37. Use the result of Exercise 36 part (c) to evaluate the following
integrals.

(a) f: x2* dx

(b) f: Jx e dx
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1500
1000

FIGURE 9

Graph of the bivariate normal joint
density function in Example 8

15.5

CHAPTER 15 MULTIPLE INTEGRALS

EXERCISES

EXAMPLE 8 A factory produces (cylindrically shaped) roller bearings that are sold as
having diameter 4.0 cm and length 6.0 cm. In fact, the diameters X are normally distrib-
uted with mean 4.0 cm and standard deviation 0.01 cm while the lengths Y are normally
distributed with mean 6.0 cm and standard deviation 0.01 cm. Assuming that X and Y are
independent, write the joint density function and graph it. Find the probability that a
bearing randomly chosen from the production line has either length or diameter that
differs from the mean by more than 0.02 cm.

SOLUTION We are given that X and Y are normally distributed with u; = 4.0, w, = 6.0, and
oy = o, = 0.01. So the individual density functions for X and Y are

—(x—4)>/0.0002 —(y—6)%/0.0002

1 1
fi) = Go1 v € ) = 50127 €

Since X and Y are independent, the joint density function is the product:

1 YY) APy
f(x, y) =f1(x)fz(y) _ 0000, o~ (= 4)7/0.0002,,—(y=6)/0.0002
_ 5000 6—5()()()[(x—4)2+(y—ﬁ)z]
T

A graph of this function is shown in Figure 9.
Let’s first calculate the probability that both X and Y differ from their means by less
than 0.02 cm. Using a calculator or computer to estimate the integral, we have

P(3.98 < X < 4.02,5.98 < ¥ < 6.02) = f::: :'922 F(x, y) dy dx

e
3.98 J5.98

_ 5000 F.oz J‘s.oz — 5000 (x—4+ (y—67] dy dx
T

~ 091

Then the probability that either X or Y differs from its mean by more than 0.02 cm is
approximately

1 —091=0.09 |

[1.] Electric charge is distributed over the rectangle 1 < x < 3, 4. D={xy)|0<x<a0<y<b}; plxy) =cxy
0 < y < 2 so that the charge density at (x, y) is

o(x,y) = 2xy + y? (measured in coulombs per square meter).
Find the total charge on the rectangle.

2. Electric charge is distributed over the disk x* + y? < 4 so

[5.] D is the triangular region with vertices (0, 0), (2, 1), (0, 3);
plx,y) =x+y

6. D is the triangular region enclosed by the linesx = 0, y = x,
and 2x + y = 6; p(x,y) = x?

that the charge density at (x,y) is o(x,y) = x +y + x> + y?

(measured in coulombs per square meter). Find the total charge

on the disk.

3-10 Find the mass and center of mass of the lamina that occupies

7. Disboundedbyy =¢*,y=0,x =0,and x = 1; p(x,y) =y
8. Disboundedbyy = +/x,y=0,andx = 1; p(x,y) = x
9. D ={(x,y) |0 <y <sin(mx/L),0 < x < L}; p(x,y) =y

the region D and has the given density function p. 10. D is bounded by the parabolas y = x* and x = y*;

3.D={(xy)|0<sx=<2 -1=<y=<1}; plx,y) =xy?

plx,y) = Vx
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I1. A lamina occupies the part of the disk x* + y> < 1 in the The joint density function for a pair of random variables X

first quadrant. Find its center of mass if the density at any and Y is

point is proportional to its distance from the x-axis. x.9) {Cx(l +y) f0o<x<10<y<?2
12. Find the center of mass of the lamina in Exercise 11 if the Jtey 0 otherwise

density at any point is proportional to the square of its (a) Find the value of the constant C.

distance from the origin. (b) Find PX < 1,Y<1).
13. The boundary of a lamina consists of the semicircles (c) Find P(X + Y < 1).

y=+/1 — x? and y = \/4 — x? together with the portions 28. (a) Verify that

of the x-axis that join them. Find the center of mass of the .

lamina if the density at any point is proportional to its dis- = {4xy fOsx<l 0sys<l

y y p prop: flx,y) .
tance from the origin. 0 otherwise

is a joint density function.
(b) If X and Y are random variables whose joint density func-

tion is the function f in part (a), find
1

(i) Px=3%) i) Px=31v=<})
(c) Find the expected values of X and Y.

14. Find the center of mass of the lamina in Exercise 13 if the
density at any point is inversely proportional to its distance
from the origin.

[15.] Find the center of mass of a lamina in the shape of an isos-
celes right triangle with equal sides of length « if the density

at any point is proportional to the square of the distance from Suppose X and Y are random variables with joint density
the vertex opposite the hypotenuse. function
—(0.5x+0.2y) .
16. A lamina occupies the region inside the circle x> + y* = 2y flxy) = {O.le Vot x= .O’ y=0
but outside the circle x* + y? = 1. Find the center of mass 0 otherwise
if the density at any point is inversely proportional to its dis- (a) Verify that f is indeed a joint density function.
tance from the origin. (b) Find the following probabilities.

i P¥Y=1 (i) PX<2,Y<4)

17. Find the moments of inertia /., 1,, I, for the lamina of ’
(c) Find the expected values of X and Y.

Exercise 7.

30. (a) A lamp has two bulbs of a type with an average lifetime
of 1000 hours. Assuming that we can model the proba-
bility of failure of these bulbs by an exponential density

19. Find the moments of inertia /., 1,, I, for the lamina of function with mean . = 1000, find the probability that
Exercise 15. both of the lamp’s bulbs fail within 1000 hours.

(b) Another lamp has just one bulb of the same type as in
part (a). If one bulb burns out and is replaced by a bulb
of the same type, find the probability that the two bulbs
fail within a total of 1000 hours.

18. Find the moments of inertia /,, I,, I, for the lamina of
Exercise 12.

20. Consider a square fan blade with sides of length 2 and the
lower left corner placed at the origin. If the density of the
blade is p(x, y) = 1 + 0.1x, is it more difficult to rotate the
blade about the x-axis or the y-axis?

(AS]31. Suppose that X and Y are independent random variables,

21-22 Use a computer algebra system to find the mass, center where X is normally distributed with mean 45 and standard
of mass, and moments of inertia of the lamina that occupies the deviation 0.5 and Y is normally distributed with mean 20 and
region D and has the given density function. standard deviation 0.1.

. a) Find P(40 < X < 50,20 < Y < 25).
2. D={(xy)[0=<y<siny O<x<mh plxy) =2y Eb)) Find PE4(X — 450 + 100(Y — 20)2)s 2).

22. D is enclosed by the cardioid r = 1 + cos 6;

32. Xavier and Yolanda both have classes that end at noon and
plx,y) = vx* +y?

they agree to meet every day after class. They arrive at the
coffee shop independently. Xavier’s arrival time is X and
Yolanda’s arrival time is Y, where X and Y are measured in
minutes after noon. The individual density functions are

23-26 A lamina with constant density p(x, y) = p occupies the
given region. Find the moments of inertia /, and /, and the radii

of gyration X and y. {e" if x=0 {;Oy if0<y<10
flx) = . 5(y) = .

23. Therectangle 0 < x < b,0<y<nh 0 ifx<0 0 otherwise

24. The triangle with vertices (0, 0), (b, 0), and (0, /) (Xavier arrives sometime after noon and is more likely to
arrive promptly than late. Yolanda always arrives by 12:10 pM

25. The part of the disk x* + y? < a” in the first quadrant and is more likely to arrive late than promptly.) After Yolanda

arrives, she’ll wait for up to half an hour for Xavier, but he

26. The region under the curve y = sinx fromx = 0tox = 7
won’t wait for her. Find the probability that they meet.
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15.9| EXERCISES

I-6 Find the Jacobian of the transformation.

l.x=5—v, y=u+ 3v

2. x=uv, y=u/v

3. x=-¢"sinfh, y=e'cosb

4. x=¢", y=¢"'

5. x=ufv, y=v/w, z=uw/u

6. x=v+w, y=w+u’, z=u+20’

7-10 Find the image of the set S under the given transformation.

[7]S={(u,v) |0<su=<3, 0=<v=<2}
x=2u+3v, y=u—v

8. S is the square bounded by the lines u = 0, u = 1,v = 0,
v=1, x=0, y=u(l +2?)

9. S is the triangular region with vertices (0, 0), (1, 1), (0, 1);
x=u’ y=v

10. Sis the disk givenby u> + v* <1, x=au, y=bo

I1-16 Use the given transformation to evaluate the integral.

1. ([, (x — 3y) dA, where R is the triangular region with
vertices (0,0), (2,1),and (1,2); x=2u+v, y=u+ 20

12. [f, (4x + 8y) dA, where R is the parallelogram with
vertices (—1, 3), (1, =3), (3, —1), and (1, 5);
x=1u+0v), y=10— 3u)

[13] [f,x>dA, where R is the region bounded by the ellipse
Ox? + 4y =36; x=2u, y=23v

14. [f, (x> — xy + y*)dA, where R is the region bounded
by the ellipse x* — xy + y* = 2;

x=2u—2/30, y=2u+V2/30v

I5. J]‘R xy dA, where R is the region in the first quadrant bounded
by the lines y = x and y = 3x and the hyperbolas xy = 1,
xy=3;, x=ufv, y=v

/9 16. [[, y?dA, where R is the region bounded by the curves

xy=1xy=2xy’=1,xy>=2; u=xy, v=xy>
INlustrate by using a graphing calculator or computer to
draw R.

17. (a) Evaluate |||, dV, where E is the solid enclosed by the
ellipsoid x*/a* + y*/b*> + z*/c* = 1. Use the transfor-
mation x = au, y = bv, z = cw.

(b) The earth is not a perfect sphere; rotation has resulted in
flattening at the poles. So the shape can be approximated
by an ellipsoid with a = b = 6378 km and ¢ = 6356 km.
Use part (a) to estimate the volume of the earth.

18. If the solid of Exercise 17(a) has constant density k, find its
moment of inertia about the z-axis.

19-23 Evaluate the integral by making an appropriate change of
variables.

-2
19. ﬂ RS dA, where R is the parallelogram enclosed by
A 3x—y

the lines x — 2y =0,x —2y=4,3x —y= 1, and
3x—y=28

20. [, (x + y)e* " dA, where R is the rectangle enclosed by the
linesx —y=0,x—y=2,x+y=0,andx +y=3

1] ﬂ cos(y ; x) dA, where R is the trapezoidal region
y X

R

with vertices (1, 0), (2, 0), (0, 2), and (0, 1)

22. ([, sin(9x* + 4y®)dA, where R is the region in the first
quadrant bounded by the ellipse 9x* + 4y = 1

23. ([, ¢*"'dA, where R is given by the inequality | x| + |y| < 1

24. Let f be continuous on [0, 1] and let R be the triangular
region with vertices (0, 0), (1, 0), and (0, 1). Show that

ﬂf(x +y)dA = fol uf(u) du



