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4. By using the substitutions z; = (/72 — 22 — 22 _; — " — x?, , cosf; and then applying Formulas 1 and 2 from
Problem 3, we can write
— g Rp— PR R R—— Y |
V _/ / r2 1:2 \/7 z7 3 / ré—xg—ms g 3~ %2 dml dxz---dxn_.l d.’L‘n
" —r ‘\/7‘2—:22 —\/r2—22 —z2 —~~-—13 \[2—1:2 —z2 —---—-a:g—zg
/2 /2 /2 B /2
=2 / cos> 02 dfs / cos® 05 dhs| - -- / cos” 1 0n_1 d9n~1] [ / cos™ 0, df, | r"
—n/2 —/2 —m/2 —7r/2
5, X 2:2 1-3r1[2-2-4 1-3-5m) ek ik | b (n—l)w]rn n even
[ '2] 1-3 2-4||1-3.5 2-4-6 Leeses (n—1) PRERR n
o[%.2:2][1:-8x 2:2.4] fi--e-(n—Dw 2--- ("‘1)Jr" n odd
2°'1-3||24 '1.3-5 Bowsss (n—1) e e n
By canceling within each set of brackets, we find that
2m 2m 2m 2 o _ (20" = /2 " n even
- 2 4 6 n 2:4.6-.--- n (37n)!
n —
p.2m 2w 2m 2w 2@mCV L 2[Fo DT L
3 5 7 n 3:-5:Twwe-- n n!
16.7 Triple Integrals in Cylindrical Coordinates ET 15.7
1. (a) (b) g
+(4-3.9)
s
|

=
&

z=2cos%=\/§,y=2sin%= 2, 2=1,

so the point is (1/2, v/2, 1) in rectangular coordinates.

2. (a)

:t=lcos7r=—1,y=lsin7r=0,andz=e,

so the point is (—1, 0, e) in rectangular coordinates.

)

(b)

L= 4cos(—§) =2,y= 4sin(—§) =-24/3,

and z = 5, so the point is (2, —2 /3, 5) in rectangular

coordinates.

3
2
3

T =-lz=2,

:v=1c053?7r=0,y=1sin

so the point is (0, —1,2) in rectangular coordinates,
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2 2 1 =] e poi 1 —1) is in the fourth
3. (a')1 =T +y ——12+(—1)2—2807'——_'\/_2;tan0—~_— 1 0

S inates is (v/2, 5F,4)-
the zy-plane, s0 6 = I + 2nr; z = 4. Thus, one set of cylindrical coordina (V2 %:4)

S int (—1, —v/3) is in the third quadrant of th
() 1% = (—1)? + (—v3)* = dso 7 = 2; tan = =43 = v/ and the point { ) 7

: . 4r
zy-plane, so = 4—;’- + 2nm; z = 2. Thus, one set of cylindrical coordinates 18 (2, 3 2)'

4 (a)r® = (2 \/5)2 +92 — 16507 = 4; tanf = 72_ e 715 and the point (2 \/3', 2) is in the first quadrant of the zy-plane, so
: et = fis 23
6 = Z + 2nm; z = —1. Thus, one set of cylindrical coordinates is (4, & ~1).
(b) r* = 42 + (—3)? = 25507 = 5; tan 6 = 52 and the point (4,—3) is in the fourth quadrant of the zy-plane, so
0 = tan™' (—3) + 2n7w ~ —0.64 + 2nm; z = 2. Thus, one set of cylindrical coordinates is l
(5,tan™" (—2) + 27,2) ~ (5,5.64,2).

5. Since 6 = Z but  and z may vary, the surface is a vertical half-plane including the z-axis and intersecting the zy-plane in the

* half-liney =z, z > 0.
6. Since 7 = 5, 22 + y? = 25 and the surface is a circular cylinder with radius 5 and axis the z-axis.

7. 2=4— 1% =4 — (2% + ) or4 — > — 3>, so the surface is a circular paraboloid with vertex (0, 0,4), axis the z-axis, and
opening downward.

8. Since 2r® + 2° = 1and 7° = 2® + y°, we have 2(2” + y*) + 2* = 1 or 22° + 2y + 2% = 1, an ellipsoid centered at the

origin with intercepts z = + 5,y = t5,2=%£L
9. (a) 22 + 2 = 72, so the equation becomes z = 7.
: ‘(b) Substituting 2> +y = Arz apd y = rsin0, the equation & + y? = 2y becomes 72 = 2r sin § or + — 2sin 6.

10. (a) Substituting z = 7 cos ¢ and y = rsin 6, the equation 3z + 2y + » =

/ 6 becomes 37 cos @ + 2rsinf + z = 6 or
z=6—7r(3cosf+ 2sin0).

(b) The equation —2? — y* + 2% = 1 can be written as —(z® +y

2)"*"?‘2_—1whichb —r2 2R 2 2
. ecomes +2° = =1+r
in cylm' drical coordinates. : r lorz

OS < 2and 0 < z < 1 describe a solid circular cylinder with
 radius 2, axis the 2-axis, and height 1, but —7/2 < 6 < /2 restricts

‘ so?d to the first ?,nd fourth quadrants of the xy-plane, so we have

?;f_' 8 < 3 restricts the solid to that part of
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polar coordinates, or y — N7

g Thus, the boundary between R, and Ra is 6 = cos~ (%) in
' — ~ % rectangylar coordinate
coordinates for Ry, we find the total volyme of the solid to be

V=16 fI/‘/“T“ o
o Jo mdyd:c+[

cos—1 (1/a)

s

s. Using rectangular coordinates for the region Ry and polar

/ v1 —Tzcos26rdrd()]
0

Ifa > /2, the cylinder 22 4 42 —
Y = 1 completely encloses the intersection of the other two cylinders, so

intersection of the three cyl the solid of
- ot the three cylinders coinci - ; .
e § comcides with the intersection of 22 +22=1andy? + 2% = 1asill ™

Exercise 17.6.58 [ET 16.6.58). Its volume is V = 16 Jo EVT=F dydz
0 Jo - 2

16.8 Triple Integrals in Spherical Coordinates

' ET158
b (b) 21\
T ,"”: (2’ %’ %)
Ly
ol |
X } ) y
1’=p8ind>0080=(1)sin0c080=0, m=2sin§cos'§=3§,y=2sin%5in!§=§,
= psin¢sinf = (1)sin0sin0 = 0, and - .
. Zcos(:; (l)c(()s)()—lsothepointis z=2cos T =+/2sothe pointis (42, %, V2) in
z = = —
(0,0, 1) in rectangular coordinates. rectangular coordinates.
1
2 (a) 7 ® |

X

5 5sin Zsinm =0, :c=4sin1'3-cos3T'=4(;§) (_Azé)=—\/6,
. B g x

Zi:zif:somep:imis(’s,o,o)in — seim s 3E =4 () ()5
- 2

rectangular coordinates-

2 =4cos T =4(}) = 2sothe pointis (—/8, /6, 2)
in rectangular coordinates.


Michael
Highlight


524 O CHAPTER16 MULTIPLE INTEGRALS ET CHAPTER 15

Z 2\/5___\/_g = ¢=£3and
3-(a)P=\/x2+y2+z2=\/1+3+12=4,C05¢=;= 4 2 .
_ . T
g 1 1 = = T [since ¥ > 0]. Thus spherical coordinates are (4,5,5)_
cosf = = =5 =73
psing  4sin(w/6) 2 3
0 3T
1 3 _ =0 = 0=—[sincey<q
) p=+0+1+ =\/§,c08¢=$ = ‘f’:—[’andcosg V/2sin(3m/4) “ ]

3m 3w
Thus spherical coordinates are (\/Z ’2£’ ‘Z) .

o — z 0 _
= osing  2sm(n/3) "0 =

4. (@ p=+12+y2+22=/0+3+1=2,co8¢=

T ' . L
6= 3 [since y > 0]. Thus spherical coordinates are (2, 3 5) :
V6 _ V3 _m PRI . ]
B p=v1+1+ =2\/§,COS¢=m=—2— = ¢_6,andcos 2v/2sin(m/6) V2
3
0= 3% [since y > 0]. Thus spherical coordinates are (2 N -41, %)

5. Since ¢ = Z, the surface is the top half of the right circular cone with vertex at the origin and axis the positive z-axis.
6. Since p = 3, z? + y? + 2% = 9 and the surface is a sphere with center the origin and radius 3.

7. p=sinfsing = p? =psinfsing & 2?4+’ +22=y < x2+y2—y+%+z2=% o

z? + (y — 3)° + 2° = 1. Therefore, the surface is a sphere of radius % centered at (0,3,0).

8. p” (sin® ¢sin? 0 +cos’¢) =9 <« (psingsin 0)’ + (pcos )’ =9 & y? + 2% = 9. Thus the surface is a circular
cylinder of radius 3 with axis the z-axis.

9. (a) z = psin¢cosb, y = psingsing, and z = pcos ¢, so the equation 22 = 22 + 42 becomes

(pcos§)® = (psin¢cosb)” + (psin ¢sinf)” or p? cos? ¢ = p? sin? ¢. If p # 0, this becomes cos? ¢ = sin® ¢. (0 =0
corresponds to the origin which is included in the surface.) There are many equivalent equations in spherical coordinates,

such as tan® ¢ = 1,2cosz¢=1,cos2¢=0, oreveng = I = 3r
’ _— 4 .

(®) a?+2°=9 & (psingcost)’ +(pcosg)’ =9 < p?sin® ¢ cos? @ + p*cos?p =9 or

p* (sin® ¢ cos? @ + cos® ¢) = 9.

10.@z°—2c+y°+2°=0 & (@®+y2+22) -2z =

0 & pf- 2 (psin ¢ cos §)

’ =0orp = 2sin¢cosh.
b)r+2y+32=1 & pSln¢C089+2pSin¢sin0+3PCOS¢ P ¢

=1lorp=1/(sinpcosh + 2sin ¢sinf + 3 cos 9)
11. p = 2 represents a sphere of radius 2, centered at the origin, 50 p < 2 js this

sphere and its interior. 0 < ¢ < 7 restricts the solid to that portion of the
- . th - l
region that lies on or above the zy-plane, and 0 < 6 < Z fiyrghey restricts the
solid to the first octant. Thus the solid is the portion in the first octant of th
e

solid ball centered at the origin with radius 2,



Michael
Highlight


