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4. By using the substitutions Xi = J r2 - x~ - x~ _ 1 - .•• - X; + 1 COS (}i and then applying Formulas 1 and 2 from 

Problem 3, we can write 

l
r lv'r2-x~ 1.jr2-x~ -x~-1-".-x51Jr2-x~ -x~_1-',,-x5-x~ 

Vn = . . . dXl dX2 ... dXn-I dXn 
. -r -v'r2-x~ -.jr2-x~ -x~_l -,,,-x5 -.jr2-x~ -x~_1-···-x5-x~ 

= 2 [ {7r /2 cos2 (}2 d(}2] [ {7r /2 COS3 (}3 d(}3]' .. [17r 
/2 COS

n- I (}n-l d(}n-I] [ {7r /2 cos
n 

(}n d(}n] rn 
J -7r /2 J -7r /2 -7r /2 J -7r /2 

\ 

[
2 . Z!:] [~ . ~] [2.2.4 . 1·3· 57r] ... [2 ..... (n - 2) . 1 .. ·· . (n - 1) 7r] rn 

= 2 1·3 2·4 1·3·5 2·4·6 1· .. , . (n - 1) 2· .... n 

2[Z!:'~] [1.37r. 2.2.4] ... [1 ..... (n-2)7r. 2 ..... (n-1)]rn 

2 1·3 2·4 1·3·5 2· .... (n - 1) 1 ..... n 

neven 

nodd 

By canceling within each set of brackets, we find that 

\ 

27r . 27r . 27r ..... 27r rn = (27rt/
2 

rn = 7rn/2 rn 
Vn = 2 4 6 n 2 . 4 . 6 ..... n ( ~ n) ! 

2. 27r . 27r . 27r ..... 27r rn = 2(27r)(n-I)/2 rn = 2n [~ (n ~ 1)]! 1r(n-l)/2 rn 
3 5 7 n 3 . 5 . 7 ..... n . n! 

neven 

'nodd 

16.7 Triple Integrals in Cylindrical Coordinates ET 15.7 

1. (a) z (b) 

(2. f.1) 

x 

X = 2 cos Z!: = y'2 y = 2 sin Z!: = 12 z - 1 4' 4 v k1, - , 

so the point is (y'2, y'2, 1) in rectangular coordinates. 

2. (a) , r' w
,,) (b) 

ej 

x 
y 

x = 1 cos 7r = -1, Y = 1 sin 7r = 0, and z = e, 

so the point is ( -1, 0 , e) in rectangular coordinates. 

.(4 -:!!.. 5) ! . 3' 

i
5 

z 

6 _____ ~ ______ 0 

x 
y 

X = 4cos( -i) = 2, Y = 4sin( -i) = -2 \1'3, 

and z = 5, so the point is (2, -2 \1'3, 5) in rectangular 

coordinates. 

z 

(1, 3;,2) r 

21 
bo __ _ 

I 

x 

37r 3 
X = 1 cos - = ° y - l' 7r 2 ,- sm 2" = -1, z = 2, 

so the point is (0, -1,2) in rectangular coordinates. 
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3 () 2 2 2 22M2 () _ Y _ -1 == -1 and the point (1, -1) is in the fourth quadrant of 
. a r = x + Y = 1 + ( -1) = 2 so r == v 4; tan -; - 1 

.' d' . (J2 h 4) 
the xy-plane, so () = 7; + 2mr; z == 4. Thus, one set of cyhndrical coor mates IS , 4' . 

(b) r2 = (_1)2 + (_J3)2 = 4 so r == 2; tan () == -j( == J3 and the point (-1, -J3) is in the third quadrant of the 

xy-plane, so () = 4; + 2mr; z == 2. Thus, one set of cylindrical coordinates is (2, 4;,2). 

4. (a) r2 = (2 J3 ) 2 + 22 == 16 so r == 4; tan () == &s == 7s and the point (2 J3, 2) is in the first quadrant of the xy-plane, so 

() = i + 2mr; z == -1. Thus, one set of cylindrical coordinates is (4, i, -1). 

(b) r2 = 42 + (_3)2 = 25 so r == 5; tan () == ~3 and the point (4, -3) is in the fourth quadrant of the xy-plane, so 

() = tan -1 (_ ~) + 2mr ::::::: -0.64 + 2mr; z == 2. Thus, one set of cylindrical coordinates is 

(5, tan-l (-~) +211',2)::::::: (5,5.64,2). 

5. Since fJ == "i but rand z may vary, the surface is a vertical half-plane including the z-axis and intersecting the xy-plane in the 

half-line y == x, x 2:: o. 

6. Since r == 5, x2 + y2 == 25 and the surface is a circular cylinder with radius 5 and axis the z-axis. 

7. z = 4 - r2 == 4 - (x2 + y2) or 4 - x 2 - y2, so the surface is a circular paraboloid with vertex (0,0,4), axis the z-axis, and 

opening downward. 

8. Since 2r2 + Z2 == 1 and r2 == x2 + y2, we have 2 (x2 + y2) + z2 == 1 or 2X2 + 2y2 + Z2 = 1, an ellipsoid centered at the 

origin with intercepts x == ± ~, y == ± ~, z == ± 1. 

9. (a) x 2 + y2 = r2, so the equation becomes z == r2. 

(b) Substituting x 2 + y2 == r2 and y == r sin fJ, the equation x2 + y2 = 2y becomes 2 - 2 . () 2 . () r - r sm or r = sm . 

10. (a) Substituting x == r cos fJ and y == r sin (), the equation 3x + 2y + z - 6 b 3 . - ecomes r cos () + 2r sin () + Z == 6 or 
Z == 6 - r(3 cos fJ + 2smfJ). 

(b) The equation _x2 - y2 + z2 == 1 can be written as -(x2 + y2) + 2 1 hi 2 
. l' dri 1 d' z == w ch becomes _r2 + Z2 == 1 or z2 == 1 + r 
m cy m ca coor mates. 

11. o ~ r ~ 2 and 0 < z < 1 d'b '. - - escn e a solId Circular cylinder with 

radius 2, axis the z a' d h . 
- XIS, an eight 1, but -11' /2 ~ () :::; 11'/2 restricts 

the solid to the first and fo h 
urt quadrants of the xy-plane, so we have 

a half-cylinder. 

12. z-r- ~. - - v;x;- -r yEo IS a Cone that opens u w . 
c d be pard. Thus r :::; z < 2 is the region above thiS 
one an neath the hOrizontal 1 -

panez=2 O<fJ< 7r trio f 
this region in the first octant. . - - '2 res cts the solid to that part 0 

x 
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Ion Were the outside boundary changes from the vertical line x = 1 to the circle 
x

2 

+ y2 = a
2 

Or T = l. R1 is a right tri . -1 ( 1) . 

angle, so cos (J = ~. Thus, the boundary between Rl and R2 18 (J = cos a m 
Polar coordinates, or y = va2 

- 1 x m· rectan I . . R and polar 
gu ar coordmates. Using rectangular coordinates for the region 1 

coordinates for R2 , we find the total volume of the solid to be 

If a ~ v'2. the cylinder x
2 

+ !l = 1 completely encloses the intersection of the other two cylinders, so the solid of 

intersection of the three cylinders coincides with the intersection of x2 + Z2 = 1 and y2 + Z2 = 1 as illustrated in 

(
[1 [~x 7r/4 - a 1 

V = 16 in in Jl - x
2 

dydx + 1 1 Vl- r2 cos2 (JrdrdiJ 
o 0 cos- 1 (1/a) 0 

Exercise 17.6.58 [ET 16.6.58]. Its volume is V = 16 f~ f; -Jl- x2 dydx. 

523 

16.8 Triple Integrals in Spherical Coordinates ET 15.8 

1. (a) 
z 

(1.0.0) 

1 

y 
x 

. A.cos(J - (1) sinO COS 0 = 0, x = PSID¥, -

2. (a) 

. A.s·m8 - (1) sinO sinO = 0, and y=psm¥, - . 

A. - (1) cos 0 = 1 so the point IS z = pCOS<p-

(0,0, 1) in rectangular coordinates. 

z 

x • 'Jf sin 11" :=:: 0, 
5 · 'Jf cos 1(' = -5, Y = S S1Il 2' ) . 

x= sm 2 . (SOOtn intlS - , , 
Z=5C06~ = o so the po 

rectangular coordinateS· 

(b) z 

x 

,1 (2,f, :) 
7T ,'1 - , . 
4 ' • '''2 : , ! 

-'2 . 7r. ~_V6 
X = 2 sin -i cos 2§ = T' y = 2 sm "4 SIn 3 - 2' 

M .. (,./2 ~ '2) in Z = 2 cos -i = v 2 so the pomt IS 2""' 2 ,v ~ 

rectangular coordinates. 

z 
(b) 

x 

• Tr cos 37r = 4 (fl) (-:!/-) = -v'6, x = 4sm 3 4 2 

• 1!: sin ~ = 4 (4) (~) = v'6, y = 4sm 3 4 . 

Tr - 4 (1) = 2 so the point is (-v'6,../6, 2) z = 4 cos 3' - 2 

in rectangular coordinates. 
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z 2 J3 _ ~ => '" = ~,and 
'" ---2 'f/ 6 3. (a) p = v' x 2 + y2 + Z2 = .J1 + 3 + 12 = 4, COS'f/ = P - 4 

x 1 1 1r, 0] Thus spherical coordinates are (4, i, i), 
cos(} = __ = => () = - [smcey> ' 

psin ¢ 4 sin(1r /6) - 2 3 ° () 37r [ , 31r - = ° => = -2 smce y < 0], 
(b) . /0 1 . M2 '" -1 => ¢ = -4 ,~dcos(} - M2sin(37r/4) p = v + + 1 = v ~, cos If' = v'2 V ~ 

( 
31r 31r) 

Thus spherical coordinates are V2, 2'"4 ' 

z 1 1r X _ ° 
'" => ¢ = -3' and cos () = pSI'n'" - 2 sin (""/3) = 0 :::} 4. (a) p = y'x2 + y2 + Z2 = .JO + 3 + 1 = 2, COS If' = P = '2 'f/ /I 

() = ~ [since y > 0]. Thus spherical coordinates are (2, i, i), -
2 

J6 . y'3 -1 1 
(b)p=J1+1+6=2y'2,cos¢= 2V2=2 . => ¢=i,andcos(}=2V2sin(7r/6) =- V2 =} 

. . (37r 1r) 
[since y > 0]. Thus spherical coordinates are 2 V2, "4' '6 . 

I 5. Since ¢ = i, the surface is the top half of the right circular cone with vertex at the origin and axis the positive z-axis, 

\ 6. Since p = 3, ,,2 + y2 + "p = 9 and the surface is a spbere with center the origin and radius 3. 

I 
I . '()''/'' 2 '()''/'' 2+2+2 ~ 2+2 +1+21 {:::} . 7. P = sm smlf' ::::;. p = psm smlf' {:} x y z = Y '<-7 X Y -y 4' z = 4' 

x 2 + (y - ~)2 + Z2 .= ~, Therefore, the surface is a sphere of radius ~ centered at (0, ~, 0). 

8. p2 (sin 2 ¢ sin2 () + cos2 ¢) = 9 {:} (p sin ¢ sin ()) 2 + (p cos ¢ ) 2 = 9 {:::} y2 + Z2 = 9. Thus the surface is a circular 

cylinder of radius 3 with axis the x-axis. 

9. (a) x = psin¢cos(), y = psin¢sin(), and z = pcos¢, so the equation Z2 = x 2 + y2 becomes 

(p cos ¢? = (p sin ¢ cos ())2 + (p sin ¢ sin ())2 or p2 cos2 ¢ = p2 sin2 ¢. If P =I 0, this becomes cos2 ¢ = sin2 cp, (p == 0 

corresponds to the origin which is included in the surface.) There are many equivalent equations in spherical coordinates, 

such as tan2 ¢ = 1, 2 cos2 ¢ = 1, cos 2¢ = 0, or even ,/,. = 2!. '" = .22!. 
If' 4' If' 4 ' 

(b) x
2 

+ Z2 = 9 {:} (psin¢cos ())2 + (pcos ¢)2 = 9 {:} p2 sin2 ¢ cos2 () + p2 cos2 ¢ = 9 or 

p2 (sin2 ¢cos2 () + cos2 ¢) = 9. 

10. (a) x
2 

- 2x + y2 + Z2 = 0 {:} (x
2 

+ y2 + z2) - 2x = 0 {:} p2 _ 2 ( ',/,. ()) . () 
. psmlf'cos = 0 or p = 2 sm ¢> cos . 

(b) x + 2y + 3z = 1 {:} psm¢cos() + 2psin¢sin() + 3pcos'" - 1 / ( . A.) 
'f' - or p = 1 sm ¢ cos () + 2 sin ¢ sin (} + 3 cos If' ' 

11. P = 2 represents a sphere of radius 2, centered at the origin, so p ~ 2 is this 

sphere and its interior. 0 :::; ¢ ~ ~ restricts the solid to that portion of the 

region that lies on or above the xy-plane, and 0 ~ 8 ~ ~ further restricts the 

solid to the first octant. Thus the solid is the portion in the first octant of the 

solid ball centered at the origin with radius 2. 

x 
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