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59. [[,(z*tanz +y* +4) dA = [[, 2® tanadA+ [,y dA+ [[, 4dA. But 2* tan z is an odd function of x and D is
symmetric with respect to the y-axis, so [ IS z?tanx dA = 0. Similarly, 4 is an odd function of y and D is symmetric with

respect to the z-axis, so [ [, y* dA = 0. Thus
[[p(@*tanz +y* + 4)dA =4 [[, dA = 4(area of D) = 4-77(\/5)2 =8
61. Since y/1 — 22 — y2 > 0, we can interpret ffD v/1 — 22 — y? dA as the volume of the solid that lies below the graph of
z = +/1 — 22 — y2 and above the region D in the zy-plane. z = /1 — 22 — 32 is equivalent to 2> + y? + 22 =1,2 >0

which meets the zy-plane in the circle 2% + y* = 1, the boundary of D. Thus, the solid is an upper hemisphere of radius 1

which has volume 3 [27(1)*] = 2.

16.4 Double Integrals in Polar Coordinates ET15.4

1. The region R is more easily described by polar coordinates: R = {(r, 0)]0<r<4,0<6< 3?” }
Thus [[;, f(z,y) dA = [T/ [* f(rcos @, 7sin6) r dr df.
3. The region R is more easily described by rectangular coordinates: R = {(:c, y)|-1<z<1,0<y< %x + %}

Thus [, f(z,y) dA = f_ll O(zﬂ)/g f(z,y) dydz.

5. The integral f:ﬂ /. 47 r dr df represents the area of the region y

R={(r,0) |4 <r <7 <6 <2r}, the lower half of a ring.

S g rarao = (27 a0) (4 ”“") QJR x

= [0}?[21*]4 (49_16)

7. The disk D can be described in polar coordinates as D = {(r,0) | 0 < r < 3,0 < 0 < 27}. Then
[[p, zydA = f fo (rcosf)(rsin)rdrdf = (fo sm@cos&d@) (f T dr) = [4sin 9] 2n [ir‘l]g = 0.
9. [[.cos(a® +y*)dA = [T [ cos(r?)rdrdd = ([T db) (f03 7 cos(r?) dr)

= [0]3 (3 sin(r2)]g =m-3(sin9 —sin0) = Zsin9

" ffD e_z o dA = fﬂﬂ'/Q f2 - rdrdf = (IWW/2 )(f02 7‘6_T2 dr)

= (0172 [4e T = AR - ) = 50 -

13. R is the region shown in the figure, and can be described y y=x
by R={(r,0)]0<0<mw/4,1 <r < 2}. Thus ,
[ arctan(y/z) dA = fﬂ/4 ff arctan(tan 6) r dr df since y/x = tan 6. X Hyr=1- R SRR
Also, arctan(tan §) = 0 for 0 < 6 < 7 /4, so the integral becomes 1 2 x

ST erdrdg = [/ 0de [Prdr = [16°]0" [3r%)) = 5 - & = B
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15. One loop is given by the region
D={(r,0)|—-7/6 <0 <x/6,0 <r < cos30},so the area is g
076
w/6 cos 30 /6 1 r=cos 36 //'
/ / dA = / / rdrdf = / [—rﬂ do
7/6J0 —7/6 2 r=0
/6 /6 \\\\
= / 1 cos” 30d0 = 2/ 1 <1+C—0869> do N -
—7/6 2 0 2 2 Gz—g
/6
1 1 . s
= 5[9+681n69}0 =15
17. By symmetry,
f2fw/4 sin 0 drd9—2fﬂ/4 [— ]:zzine df r=sin @ '/9:%
fﬁ/ sin® 0 df = ﬁ/4 1(1 — cos20)df
= %[9— —sm29]ﬂ/4
r=cos 6
— 4[5~ dsing — 0+ bsin0] = (-2

9.V = [[a o ca VO HPZAA= [T [2VrZrdrd) = [77do [ r?dr = [0])7 [40°]; = 27(§) = Yr

21. The hyperboloid of two sheets —z:2 — 2 + 22 = 1 intersects the plane z = 2 when —z? — y? +4 = 1 or 2® + y*> = 3. So the

solid region lies above the surface z = /1 + 22 + y2 and below the plane z = 2 for 2> + 3? < 3, and its volume is

27 \/5
// (2—\/1+x2+y2)dA:/ / (2—+V1+4+7r2)rdrdd
22 4y2<3 ’ ’
27 | 2 1 2\3/2 V3
Tdo fo @2r —rV1+7r2)dr = 0] [r — 31477 }

:271'(37%*04»%):%71'

23. By symmetry,

27 a 27 a
V=2 // \/a2—;1:2—y2d14:2/ / \/a2—’r’2’l“d7"d9:2/ d9/ rva? —r2dr
o Jo 0 0

22 +y2 <a?

=2[0]37 [-3(a> = r)™?]" = 2(2m) (0 + ) = %’

2
. 2,2, .2 2,2 2,2 1
25. The cone z = /a2 + y? intersects the sphere z° + y° + 2° = 1 when z° +y +(\/x2+y2) =lorz”+y =3.S0

1A/2

V= // (\/1—9c2—y2—\/3c2+y2)dA:/02F0

x2 +y2<1/2

(\/1 —r2 —r)rdrd@

.
= 20 [N (VT )y dr = [0]27 [50-2 — 30) =
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27. The given solid is the region inside the cylinder 2> + 3? = 4 between the surfaces z = /64 — 422 — 432

and z = —,/64 — 422 — 4y2. So
V= // [\/64—4x2—4y2—(—\/64—4x2—4y2)]dA: // 2 /64 — 422 — 42 dA

z2 +y2 <4 z24y2 <4
2
=4[5 S NVIE =P rdrdd = 4 37 d0 [ r /16— 77 dr = 4[0]57 [~3(16 —r%)*?]
0
=8m(—2)(12%2 — 16°/%) = & (64 — 24 /3)

y 3 py/9—a2 3
29. 3 / / sin(z” + y?)dy do = / / sin (r2) rdr df
2ay=9 | 4/ o

= [ do fos rsin (r?) dr = [0]7 [~ cos (7’2)]2

)

D
=7 (—3) (cos9—1) = Z (1 —cos9)
-3 0 3 X
31 ’ fw/4f\/§(rc059+rsin9)rdrd9* 7TM(cos@—l—sm@ dHf
) (1,1) 0 0
y=x Ptyr=2 = [sin 6 — cos 0]7/* ir ]
o =[E-L-0+1] -3 (2v3-0) =27

0 \/2 X

33. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at
the center of D and define f(z,y) to be the depth of the water at (z, y), then the volume of water in the pool is the volume of
the solid that lies above D = {(x, y) | 2?4+ 9% < 400} and below the graph of f(x,y). We can associate north with the
positive y-direction, so we are given that the depth is constant in the z-direction and the depth increases linearly in the
y-direction from f(0, —20) = 2 to f(0,20) = 7. The trace in the yz-plane is a line segment from (0, —20, 2) to (0, 20, 7).

The slope of this line is %, so an equation of the line is 2 — 7 = %(y —-20) = z= %y + %. Since f(x,y) is

W -
independent of z, f(z,y) = gy + 2. Thus the volume is given by [ |5, f(z,y) dA, which is most conveniently evaluated
using polar coordinates. Then D = {(r,0) | 0 < r < 20,0 < 6 < 27} and substituting = r cos ¢, y = r sin § the integral
becomes

027r 020 (%rsm@—l—%)rdrd@: 02 [%T sin @ + 97a ]T_20 df = (&300511104—900) db

= [—% cosf + 9009] OW = 18007

Thus the pool contains 18007 =~ 5655 ft* of water.

4 —z2
35/ / xydydﬂc+/ / xydydx—l—/ / xy dy dx y -
1NV2 J/1— 22 y=x
/4 /4 7,_4 r=2 !
/ / r cos@sm&drd&-/ [Zcosesmﬁ] de : =2
r=1 i !

sm%vr/‘l 15 r=1Y%

B
Ly

4 15
infcosfd) = — =
Sin ¢ cos 4 [ 2

0 16 0 L1 vz 2 x
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37. (a) We integrate by parts with u = x and dv = ze~*" dz. Then du = dz and v = —%e‘zZ, o)

t—o0

t
e o o (b 1)
— 00 0
= lim (_%te_tz) +3 o e dr =0+ 5057 e dx  [by 'Hospital’s Rule]
=1/ e~ dz  [since e~* is an even function]

=1y  [by Exercise 36(c)]
(b) Letu = y/z. Thenu® =& = dr=2udu =

S Ve de = lim [y y/Fe  do = lim [ ue  2udu =2 [P ue " du=2 (1) [bypart@)] = Ly

16.5 Applications of Double Integrals ET 15.5

1. Q= [, o(z,y)dA = fl fo (2xy + ° )dydaz:—f1 [zy® + 24°]" % dx

y=0
— [P (4w +8) de=[22>+22]> =16+ L =8 C
3. m= ffD p(ﬂf y)dA fo f xy dyd:c—fo a:da:f y dy— [_ 2]2 [1y3]1 :2.%:%

0

=L [, wp(a,y)dA =2 [7 [1 2P dyde =2 [} 2 dw [T P dy = 2[3a%]; |

=& [l vola,y)dA =3 [7 [1 ey dyde =3 [ wde [1 90 dy = §[30%]; [1y"]", = §-2-0=0
Hence, (Z,7) = (3,0).
5. m= fof/z (z +v) dydx—fo [zy + 3 2]5 i/;d:r:fOQ [(3 — 3z) +%(3—x)2—%x2] dx

= Jo (—22® +5) de = [-2(32%) + )5 = 6,
M, fOfx/Z x +xy)dydx—f0 [x Y+ my }yi?)fz dx:f2 (gx—%x3) dm:%

y=x/2 0

M, = [3[2.0 @y +y?) dyde =[] [3ay? + 3°)/20 7 de = [ (9 - §2) dz = 9.

y=x/2

7 m:folfoezydydl':fol [é?f]Zig _ 2f01 2% o — % 2z ](1): i(eQ—l),
M, = fol foew zydydr = %fol ze® dx = 3 [sxe® — iezx]; =1(e®+1),

Mo = [o J5 o dyde =[5 [59°],75 do =5 Jy e do = 5[5¢%]; = §(¢ 1),

(e2+1) 3(63—1)>:( e? 41 4(63—1)).

(e2—1)" 3(e2—1) 2(e2 —1)"9(e2 — 1)

Hence m = 1 (e* — 1), (%,7) = (

oo
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(b) The wedge in question is the shaded area rotated from 6 = 6 to 6 = 6-. z
Letting
Vi; = volume of the region bounded by the sphere of radius p, 3
P2
and the cone with angle ¢; (0 = 61 to 02) l b,
and letting " be the volume of the wedge, we have o 5 Y

V =(Vag — Va1) — (Viz — Vi1)
= 5(02 = 01)[p3(1 — cos dy) — p3(1 — cos 1) — pi(1 — cos ) + pi(1 — cos ¢y )]
= (02 = 01)[(p3 — p1) (1 — cos ) — (b2 — p1) (1 — cos ¢y)] = 5(02 — 01)[(p3 — pT) (cos ¢y — cos ¢,)]
02 pasingy preoté
Or: Show that V' = / . / rdzdrdf.
01 Jpising, Jrootey
(c) By the Mean Value Theorem with f(p) = p? there exists some p with p; < p < p, such that
F(02) = £(pr) = F'(P)(ps — p1) o1 pi — 3 = 37° Ap. Similarly there exists ¢ with &, < & < ¢,
such that cos ¢, — cos p; = (— sin gZ) Ad¢. Substituting into the result from (b) gives

AV = (p? Ap)(02 — 01)(sin @) Ap = p? sin ¢ Ap A AB.

16.9 Change of Variables in Multiple Integrals ET15.9

1.2 =5u—v, y=u+ 3v.

Ox/Ou Oz /Ov
dy/ou Oy/ov

5 —1
1 3

The Jacobian is Oz,y) _

o(u,v)

= 5(3) — (~1)(1) = 16.

. x=e "sinf, y =e" cosb.

O(z,y) _
a(r,0)

Ox/Or Ox/00
dy/or Oy/06

=e "e"sin? 0 — e "e" cos? O = sin? 0 — cos? 6 or — cos 20

e"cosf —e"sinf

‘ —e "sinf e "cosb

5. x =u/v, y=v/w, z=w/u.

Ox/Ou Ox/Ov Ox/Ow /v —u/v? 0
o(@,y,2) _ _ /w2
Do, w) Oy/Ou Oy/dv Oy/ow | = 0 1/w v/w
0z/0u 0z/0v Oz/0w —w/u? 0 1/u
1| 1/w —v/w? ( u) 0 —v/w? 0 1/w
w0 1/u v/ —w/u? 1)u —w/u® 0
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7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side S; in the uv-plane. S; is
describedbyv =0 [0 <u < 3],s0 2z =2u+ 3v =2uand y = v — v = u. Eliminating u, we have x = 2y, 0 <z < 6. S
is the line segmentu = 3,0 <v <2,sox=6+3vandy =3 —v. Thenv=3—y = z=6+4+3(3—y)=15-— 3y,
6 <x <12. Ssisthelinesegmentv =2,0<u<3,sox =2u+6andy =u—2,givingu=y+2 = x=2y+ 10,
6 < x < 12. Finally, Sy is the segment u = 0,0 <v < 2,s0x =3vandy = —v = =z = —3y,0 < x < 6. The image of

set S is the region R shown in the zy-plane, a parallelogram bounded by these four segments.

v y
S,
0,2) (3.2) (6,3)
T
S S S, —_—

R (12,1)
0 S, (3,0) u 0 X

(6.-2)

9. 57 is the line segmentu = v,0 < u < 1,soy =v =wandz = u? = y2. Since 0 < u < 1, the image is the portion of the
parabola x = 2, 0<y<1. 5 isthesegmentv = 1,0 < u < 1, thusy =v =1land z = u?, 500 < z < 1. The image is
the line segmenty = 1,0 < x < 1. Szisthesegmentu =0,0<v < l,sox=u?>=0andy=v = 0<y <1 The
image is the segment z = 0, 0 < y < 1. Thus, the image of .S is the region R in the first quadrant bounded by the parabola

x = y2, the y-axis, and the line y = 1.

v y
S,
0.1) (L1 0.1) (L1)
R
sy 0 T
¥ I, ;
Si
0 u 0 X
oz, y) 21 . .
M. Bao) |1 2| 3and z — 3y = (2u + v) — 3(u + 2v) = —u — 5v. To find the region S in the uv-plane that
U, v

corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0) and (2, 1) is
y = 3 which is the image of u + 2v = 2 (2u +v) = v = 0; the line through (2, 1) and (1, 2) is z + y = 3 which is the
image of (2u + v) + (u +2v) =3 = wu+ v = 1; the line through (0, 0) and (1, 2) is y = 2z which is the image of

u+2v=22u+v) = wu=0.ThusS is the triangle 0 < v <1 —u, 0 < u < 1 in the uv-plane and

[ (x—3y)dA = fol 017u (—u — 5v) 3| dvdu = —3 fol [uv + gvz]vzl_“ du

v=0
=3y (u—u®+ §(1—w?) du=—3[3u" — ju’ — (1~ w)’]; = -3(5 — 5+ §) = -3

20
03

13. = = 6, 22 = 4u? and the planar ellipse 922 + 4y < 36 is the image of the disk u? + v? < 1. Thus

[fpa*dA= ] f{< (4u?)(6) du dv = ()2”]’01(247"2 cos? 0) rdr df = 24f027r cos? 0 df fol 3 dr
uc+v<<1
1

— 24[%:5 + %Sin 238] (Z)W [ir‘l]o = 24(77)(%) = 67
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/v —u/v?
0 1

1

0 . . . .
(Ly) = = W=y =7zis the image of the parabola v? = u, y = 3z is the image of the parabola

o(u,v)

v? = 3u, and the hyperbolas zy = 1, zy = 3 are the images of the lines v = 1 and u = 3 respectively. Thus

3 ,V/3u 1 3

// wydA:// u<—> dvdu:/ u(ln\/3u—ln\/ﬂ> du:f13uln\/§du:4ln\/§:2ln3.

R 1 Jyva v 1
a 00

(a) % =|0 b 0| =abcandsince u = %, v = %, w = % the solid enclosed by the ellipsoid is the image of the
o 00 ¢

ball u? + v? + w? < 1. So

[[[ydV = [[[  abcdudvdw = (abc)(volume of the ball) = Fmabc

u2+4v24w? <1

2 2 2
(b) If we approximate the surface of the earth by the ellipsoid 5 ;7 3 + 5 ?3/7 P + 5 325 &

the volume of the earth by finding the volume of the solid £ enclosed by the ellipsoid. From part (a), this is

= 1, then we can estimate

[[[zdV = 47(6378)(6378)(6356) ~ 1.083 x 10'2 km®.

1

5

~1/5 2/5
Letting u = 2 — 2y and v = 3z — y, we have z = £ (2v — u) and y = £ (v — 3u). Then O, y) _ ‘

I(u,v) | =3/5 1/5

and R is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus
_ 4 8

/ / T2y 4 / / ’1

r 3T —y o J1 5

Lettingu =y — 2, v =y + 2, we have y = 2(u +v), z = 1 (v — u). Then

SHES

1 [ ®1 274 8
dvdu:E/O udu/1 ;dv:%[%u]o[lnh}”l:%ln&

= —% and R is the

ax,y) -1/2 1/2
Au,v) | 1/2 1/2

image of the trapezoidal region with vertices (—1, 1), (—2,2), (2,2), and (1, 1). Thus

_ 2 v
//cosy di:// cos2 —l
rR Ytz 1 J-w vl 2

Letu=xz+yandv=—z+y Thenu+v=2y = y=i(ut+v)andu—v=22r = z=3(u—"0).

1 2 Louu=v 1 2 . 3 .
dudv = 5 [v sin —] dv = 3 2usin(1) dv = 5sinl
1 u=—v

v 1

oz, y) 1/2 -1/2 1
el S Y/ = =. Now |u| = |z +y| < |z| + <1 = —-1<wu<l1,and
S = | 1e 1ya| = Nov Il =letul <l b
y
lv|=]—z+y| <l|z|+ ]y <1 = —1<wv<1. Ristheimage of the square 1
region with vertices (1, 1), (1, —1), (—1,—1),and (-1, 1). y—x=1 . x+y=1

SoffRe””"'ydA:%f_llf_lle“dudv:%[e“]lﬂ[U]l =e—en v 1

—1




