16 [ MULTIPLE INTEGRALS

16.1 Double Integrals over Rectangles

[1 ET15

ET 15.1

1. (a) The subrectangles are shown in the figure.

The surface is the graph of f(z,y) = xzy and AA = 4, so we estimate

Va Y ilﬂxi,yj) AA

= [(2,2) AA+ F(2,4) AA+ f(4,2) AA+ f(4,4) AA+ f(6,2) AA + f(6,4) AA
= 4(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288

W VA S f@ET)A=F(1L1)AA+ F(1,3) AA+ f(3.1) AA+ f(3,3) AA + F(5,1) AA + £(5,3) AA
i=1j=1

= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144

3. (a) The subrectangles are shown in the figure. Since AA = 72 /4, we estimate

2 2
ffR sin(z + y) dA ~ 21 '21 f(w;fj,yfj) AA
i=1 j=

5. (a) Each subrectangle and its midpoint are shown in the figure. The area of each
subrectangle is AA = 2, so we evaluate f at each midpoint and estimate

[ f(z,y)dA = 4?1 ~ilf(ji7§j) AA

= f(1.5,1) AA+ f(1.5,3) AA
+ £(25,1) AA+ f(2.5,3) AA
=1(2) + (-8)(2) +5(2) + (—1)(2) = -6
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11.

13.

(b) The subrectangles are shown in the figure. In each subrectangle, the sample point y

farthest from the origin is the upper right corner, and the area of each subrectangle

NwW A

is AA = £. Thus we estimate

ffR (z,y) dA ~ Z Z flaa, ) A

i=15=1

= f(1.5,1) AA + f(1.5,2) AA + f(1.5,3) AA + f(1.5,4) AA

+f(2,1) AA+ f(2,2) AA+ f(2,3) AA+ f(2,4) AA
+ f(2.5,1) AA+ £(2.5,2) AA+ f(2.5,3) AA + f(2.5,4) AA
+ (3, 1)AA+ f(3,2) AA+ f(3,3) AA+ f(3,4) AA
=1(3) + (=0 () + (=8)(3) + (=6)(3) +3(3) +0(3) + (=5)(3) + (-8)(3)
+5(3) +3(3) + (=D (3) + (=) (3) +8(3) +6(3) +3(3) +0(3)
=-3.5

. The values of f(z,y) = /52 — 2 — y? get smaller as we move farther from the origin, so on any of the subrectangles in the

problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper
right corner, and any other value will lie between these two. So using these subrectangles we have U < V' < L. (Note that this

is true no matter how R is divided into subrectangles.)

. (@) Withm = n = 2, we have A A = 4. Using the contour map to estimate the value of f at the center of each subrectangle,

we have

[lp f(z,y) dA~ 22; 22; f(@i,7;) AA = AA[f(1,1) + f(1,3) + f(3,1) + f(3,3)] ® 4(27 + 4+ 14+ 17) = 248

i=1j=1
(b) fave = ﬁ ffR f(.T),y) dA ~ 1_16(248) =15.5

z = 3 > 0, so we can interpret the integral as the volume of the solid S that lies below the plane z = 3 and above the

rectangle [—2,2] x [1, 6]. S'is a rectangular solid, thus [f, 3dA =4-5-3 = 60.

z = f(z,y) =4 —2y > 0for 0 < y < 1. Thus the integral represents the volume of that
part of the rectangular solid [0, 1] x [0, 1] x [0, 4] which lies below the plane z = 4 — 2y.
So

JIp(4 = 2y)dA = (1)(1)(2) + 3(1)(1)(2) =3
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15. To calculate the estimates using a programmable calculator, we can use an algorithm
similar to that of Exercise 5.1.7 [ET 5.1.7]. In Maple, we can define the function n estimate
f(z,y) =1+ xe—¥ (calling it £), load the student package, and then use the 1| 1.141606
command 4 | 1.143191
middlesum (middlesum(f,x=0..1,m), 16 | 1.143535
v=0..1,m); 64 | 1.143617
to get the estimate with n = m? squares of equal size. Mathematica has no special 256 | 1.143637
Riemann sum command, but we can define £ and then use nested Sum commands to 1024 | 1.143642
calculate the estimates.
17. If we divide R into mn subrectangles, ffR kdA =~ Z Z f( x5, y”) A A for any choice of sample points (x ( W yfj).
=1 J =
But f(z};,yi;) = k always and Z Z AA =areaof R = (b— a)(d — c¢). Thus, no matter how we choose the sample
1=1375=1
points, > Z f(z5,u5) AA=k Z Z AA = k(b—a)(d— c) and so
i=1j5= i=1j5=
[fkdA= Tlim Z > f(af,u5)AA= lim k> > AA= lim k(b—a)(d—c)=kb—a)(d-
m,n—oo ;= =1 m,n—oo 2 51 m,n— oo
16.2 Iterated Integrals ET 15.2

3

r=5
X x=5
1. [P 1227y do = [12 5 y3:| ) = 42°y%] 770 = 4(5)% y® — 4(0)% y* = 50047,

47y=1
1 y =1
Jy 122°y* dy = [123:2 T ] = 32%y*]) = 3z%(1)* — 322(0)* = 322

y=0

3. [0 [T+ day) dedy = [} [m+2x2y}§j dy = [P(1+2y)dy = [y+y2}f =B+9—-(14+1)=10

2

T 2 /2
5. f02 Oﬁ/2 xsiny dy dr = f02 xdx fow/2 sinydy [asin Example 5] = [7} [— cos y] =2-0)(0+1)=2
0 0

2 9g1z=1
7. f02 fol(Qgg +y)8dady = / B W} dy [substitute w =2z +y = dx = 1 du]
0 =0

1 9 1 (2+ )10 1072
- [<2+y> <o+y>]dy=§[—1§’ —3’1—0]0

— [(410 210) _ (210 _ 010)] — 1.046.528 __ 261.632

180 180 - 45

4 2 x Yy 4 1 1 2 y=2 2 4
9./ / (——i——)dyd:r:/ [mln|y|+—._y] dgc:/ <x1n2—|— )dac— ln2+%ln\m|]1
1 J1 \Yy T 1 r 2 y=1 1

=82+ 24— 3in2=2m2+3mn4"* =2 1n2
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1. fol fol(u —v)’dudv = fol [2(u—v)°] Z;l) dv = %fol [(1=v)®=(0—v)°]dv
N (T AR Y T
= -5 [0+1)-(1+0]=0
13. fOQfOW rsin?0dfdr = f02 rdr [sin®0df [as in Example 5] = f02 rdr [ (1 — cos26)df
= [4r?]2- 3]0 — $sin20]7 = (2 0)- L[(r — §sin2m) — (0~ $sin0)]
=2-3[(r=0) = (0-0)] =
15. [[,(62%y°> — 5y*)dA = f03 fol 622y — 5y*) dy do = f03 [$22y* — yS]zz; dr = fos (32 — 1) da

- o el =¥ -3- 3

3 1 3

x 2 1 2 1 3

17. dy dx —d dy = |=1 1 -
// $2+1 //3$2+1 Y /0 z?+1 x/—By Y [2 nle+ )]o [32/}3

=1(n2—1Inl)- 2(27+27) =9In2

iy

19. fﬂ/6 W/S;zrsin(m—i—y)dydx

= fo’r/ [- :ccos(ac—i—y)]y_g/3 dr = 0”/ [z cosz — xcos(z + 5)] da
=z[sinz —sin(z + )] g/ o 0”/ 6 [sinz —sin(z+ )] dz  [by integrating by parts separately for each term]
= 83— 1] - [oosa-+con(o+ )5 =~ - [ 40 ((1+4)] = B2 - 5

=1
21, ffoyez Y dA= fo fo acyez Y dmdy—fo [; z y} dy:%fOQ(ey—l)dy: %[ey—y]g

=0
=3l(e* =2) = (1 - 0)] = 5(* = 3)
23 2= f(z,y) =4 —x—2y>0for0 <z <1land0 <y < 1. So the solid :
is the region in the first octant which lies below the plane z = 4 — x — 2y

and above [0, 1] x [0, 1].

0. J1
1 // e
| y
s

5.V = [[,(12 -3z — 2y)dA = [*, [1(12 = 3z — 2y) dzdy = [°, [122 — 32 — 22y]"" dy

=2 (B - dy=[Zy—1", =2

=47 [x—l—lzw?’—%y%]“l dy =47 (B -3y dy=4[Hy— £y, =4 8 =1
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29. Here we need the volume of the solid lying under the surface z =  sec® y and above the rectangle R = [0, 2] x [0, 7/4] in the
zy-plane.
V= fo ™4y sec® ydy do = f02 zdx foﬂ/4 sec’ ydy = [%J,j]i [tany] 3/4
= (2—-0)(tan F —tan0) = 2(1 —0) =2
31. The solid lies below the surface z = 2 + 22 + (y — 2)2 and above the plane z = 1 for —1 < 2z < 1,0 <y < 4. The volume

of the solid is the difference in volumes between the solid that lies under z = 2 + 2 + (y — 2)? over the rectangle

R = [—1,1] x [0, 4] and the solid that lies under z = 1 over R.
=1
V= f04fi1[2 + 22 + (y — 2)?] dx dy — f04fj1(1) dx dy = f04 2z + 32° + 2(y — 2)2]%=_1 dy — fil dx fo4dy
4
=L [2+3+H -2 - (-2-3—-(y—2")]dy—[2]>, Wl
4 4
=f [F+20-2?°dy—[1 - (-D]4-0] = [Fy+ 3y —2)°], - (2)(4)
—[(# ) - 0-H)]-s=%-s-

33. In Maple, we can calculate the integral by defining the integrand as £
and then using the command int (int (£,x=0..1) ,y=0..1) ;.
In Mathematica, we can use the command

Integratelf, {x,0,1},{y,0,1}]

We find that [, 2°y*e™ dA = 21e — 57 ~ 0.0839. We can use plot3d

(in Maple) or P1ot 3D (in Mathematica) to graph the function.
35. R is the rectangle [—1,1] x [0,5]. Thus, A(R) =2-5 = 10 and

z=1
Jave = A(R) .ffR y)dA = 15 fof 1T Pydrdy = 10 fo [ ] —_1 dy:l_lofo5 %ydyzl_lo[%

<
V]
P
o
I
oo

37. Let f(z,y) = ﬁ Then a CAS gives fo fo z,y) dydz = 3 and fo fo x,y)drdy = —

To explain the seeming violation of Fubini’s Theorem, note that f has an infinite discontinuity at (0, 0) and thus does not

1
5-

satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which diverge at their

lower limits of integration.

16.3 Double Integrals over General Regions ET 15.3

o J37 ay? dedy = [ [327] 257 dy = [ 307 1(V)? = 0Pldy = § [ dy = 3 [§y']; = 5(64 - 0) = 32
3. fo [ (1+2y)dydx—f0 [y+y° ]y zzdx_fo [z + a2 —2® — (2%)?] da
S

5

5. fﬂ'/Q‘/‘OCOSG sde,rda 77/2[ esin@]"' Cosede_foﬂ'/ (Cose)esmOdG 31n9:|g/2 sm(Tr/Q) 6 —e—1
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T [fpyrdA = [1 [0 L ytdedy = [T [a?] 0 dy= [l v ly— (—y—2)]dy

r=—y—2

1 1
= L@+ 2y = [t + 39 =5 + 3

withu = =, dv = sinx dx

9. ffD 2 dA = f07r Osinz mdy dr — f07r [xy}g;izlnz do — f07r 2 sinx de l: integrate by parts

s

= [—xcosx—l—sincc]o = —mcosm+sinm+0—sin0=mx

M [[pyPe™ dA = [ [ y?e™ dody = [ [ye™] 2y dy = [ (ve" —y) dy

4
1oy _1.2]" 116 g1 — 1,16 _ 17
_[26 2Y ]0_26 8—5+0=3e 2

13. folfon xcosydydr = fol [msiny]zzgg dx = folazsinm2 de = —3 cosa:2](1) = 1(1—cosl)

15. Y 2 p2y—1 2 o 2
3 3 r=2y—1 3
0.2)4 (3.2) / / Y dwdy:/ [wy} dy—/ [(2y—1) —(2-y)ly dy
1 J2—y 1 r=2-y 1
x=2-y x=2y—1 ) ,
. = [; By = 3y®) dy = [3y° — 3y}
; x % TR RS R
17. y 2 py/4—a?
o / / 2z —y)dydx
y=\4—-x* —2J —y/4—22
2 y= A— g2
= [ |2y -1v] d
/R /,Q[W | mde
-2 0 2 x 5
=L 2zvVai-a?—F(4-2))+ 22 Vi—a%+ (4 —27)]da
y=—V4—x* 2
= [ 4xVI— 2% da = —%(4—302)3/2} =0
-2
Or, note that 4z +/4 — 22 is an odd function, so f 4x 4 —x2dx = 0.
2
19. y V= fol [z + 2y) dy dx
- (L1 = [y [zy +y?], 4 do = [y (2% — 2® — 2%) dx
Ve A =[5 -4 32 =3 - = %
X
7 — x=T7—3
A V=2 aydedy = 7 [32%y] 2 dy
1,2)
x+3y=7

=1 [2(48y — 42y® + 9y°) dy

L1 (4.1

2
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_ 3,
23, y Vo= [2[172 (6 - 32— 2y) dydx
(0.,3)
=3- 3¢
:f02 [6y—3xy—y2]Z=0 2% dx
3x+2y=6
2
b =[5 [6(3 — 32)—3z(3 — 3z)— (3 — %x)z] dx
2 3 2 2
= [y 32? =9z +9) dz = [32° — 32 +9x]0:6—():6
0 2,0) x
25. \ y /
2.4 2.4) V=[2, [0t dyde
D 2 =4 2
_):xz = J-2 2[ ]z—z f—2(4$ —$4)d$
L TR
0 X
27. y
1 /122 Ly21Y V1i-a?
0,1 V= dydzr = = d
S L= 5]
D t1—a? 1 1,311 1
By REC PR
0
0 (1,0) X
29. 3 From the graph, it appears that the two curves intersect at x = 0 and
at x ~ 1.213. Thus the desired integral is
1.213 3z — a2 1.213 y=3z—a”
fwadA f i rdydr = |, [a:y] . dz
o J1s _ 01'213(3302 —2® P de = [m3 _ i$4 _ %xa];.ms

—0.2
~ 0.713

31. The two bounding curves y = 1 — 2 and y = 2® — 1 intersect at (+1,0) with 1 — 2% > 2 — 1 on [—1, 1]. Within this

region, the plane z = 2x + 2y + 10 is above the plane z = 2 — x — y, so
V= f f12z1(2m+2y+10)dydx—f f 2—x— y) dy dz

7f f 2x+2y+10 (2—z—vy))dydx

y:lfm2

= f f o (39:+3y+8) dydx = fil {3xy+ 392 +8yL:zz—1 dx

= [1 Bl —2?) + 21— 2?2 +8(1 —2?) — 3a(z? — 1) — 3(a® — 1)* — 8(2* — 1)] dz

= [, (~62® — 1622 + 6z + 16) do = [~ 2a* — La® + 32 + 162] " |

=—3_-B43+4+16+3 -2 -3+16=5



230

33.

35.

37.

39.

41,

43

45.
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The solid lies below the plane z =1 —x — y

or z + y + z = 1 and above the region y
D={(z,y) | 0<2<1,0<y<1—2x} 0.1)
in the zy-plane. The solid is a tetrahedron. xty=1
D
0 (1,0) X

x

3

The two bounding curves y = x® — x and y = = 4 x intersect at the origin and at x = 2, with 2> + z > 2% — z on (0, 2).

Using a CAS, we find that the volume is

V_/2/1¢2 +de dx_/2/12+$(x3 4+x 2)d de — 13,984,735,616
~Jo Ja VEEZ ) Ja, Y T T T 549 535

3—g

The two surfaces intersect in the circle 2 + y? = 1, z = 0 and the region of integration is the disk D: z + 3 < 1.

1 \/1—x2 T
UsingaCAS,thevolumeis//(l—332 —yz)dA:/ / 1—2°—y*)dyde = —.
D —1J—y/1—22 2

y Because the region of integration is
g y=\x D={(z,9) |0<y <yz,0<z <4} ={(z,y) |y? <2 <4,0<y <2}
x=4 =
we have f04 fo“/_ [, y)dyde = [[,) f(z,y)dA = f02 f;2 f(z,y) dz dy.
0 y=0 4 X
y Because the region of integration is
3
X+ y=9 D ={@y|-vI-P<a< -7 0<y<3}
={(z,y) |0<y<VI—a?, -3<z<3}
. 0 0 > we have
2 y=0 3 5 iR
fz,y) dx dy =// fz,y)dA
/0 /\/97;2 D
3 V9—22
:/ / fz,y) dy dx
-3Jo
y

y=Inxor x=¢" Because the region of integration is

D={(z,y) |0<y<lnz,1<z<2}={(z,y) | <2 <2,0<y<In2}

we have

A [ [ et = [[ swpaa= [ [ swpdea

y 1 r3 2 3 rz/3 2 3 2 y=x/3
// e dﬂcdy:// e dyd:r:/ [e y] dx
0 J3y o Jo 0 y=0
3

3 9 _
x=3y G :/ (3)e dw=1e"] = S22
D 0 3 0 6
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4 2 1 2 py? 1
——dydx = ——dxd
/o/ﬁyg+1y$ /0/0 T
2 2 2
_ 1 a=y? Y
_/0 y3+1[$]z:0 dy—/o y3+1dy

2
= %ln|y3+1|}0: £(In9—1In1) = £In9

47. Y

i 1 pm/2
49, ) y=sinx or / / cosx /14 cos? zdxdy
0 Ja

X = arcsin y rcsiny

= 0”/2 Sma”cosam/l—{—cos2 dy dx
= oﬂ/ cosx\/1+cos2x[y}? R

y=0

2 . Letu = cosx, du = — si dx,
— [/ COsST vV 1+ cos? xsinx dx ctu cos L, du . sy
0 dz = du/(—sinx)

=)
B
=

3/270
,fl —uvI+uldu= —%(1+u?) / L
— (V-1 =4 (VI 1)
5. D={(z,y) |0<2<1, —o+1<y<1}U{(z,y) | -1<2<0,z2+1<y <1}

U{(z,y) |0<z<1, —1<y<z—-1}U{(z,y) | -1<2<0, -1 <y<—x—1}, alltypel.

1,1 0,1 1 po—1 0 p-z—1
// xQdA:// xQdydac—i—/ / xQdyd:c—&—// xQdydac—i—/ / z? dy dx
D 0 Ji-= —1Jaz41 0o J-1 —1J-1

1 1
= 4/ / 2 dy dx [by symmetry of the regions and because f(z, ) = z° > 0]
0 —x
=4[} 2 de = 4[1a%], =1
53. Here Q = {(z,y) | 2> + 4> < 1,2 >0,y > 0},and 0 < (2% + )2 < (3)* = < —(2* +9*)? < 0so

16—

e~ 1/16 < o=@ H+u")” < &0 — | gince e is an increasing function. We have AQ) =17 (2) = . s0 by Property 11,

o—1/16 AQ) < fo e~ @) 14 <1-AQ) = %6*1/16 < ff —@* v g4 < g or we can say

|

0.1844 < [[, o e~ @)% g4 < 0.1964. (We have rounded the lower bound down and the upper bound up to preserve the

inequalities.)

55. The average value of a function f of two variables defined on a rectangle R was Y

defined in Section 16.1 [ET 15.1] as fave = ﬁ [ f(z,y)dA. Extending 1,3)

this definition to general regions D, we have fae = ﬁ [ f(z,y)dA.

Here D = {(z,y) | 0 <2 <1,0 <y < 3z},s0 A(D) = 2(1)(3) = 2 and
Save = ﬁ [, f(x,y)dA = ﬁ fol 033” zy dy dx

=307 [y’ de = 4 00 do = 30t = 3 T e

57. Since m < f(x,y) < M, [, mdA < [[,, f(z,y)dA < [[, MdAby(8) =
m [[,1dA< [[) f(z,y)dA <M [[,1dAby(7) = mA(D) < [, f(z,y)dA < MA(D) by (10).
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59. [[,(z*tanz +y* +4) dA = [[, 2® tanadA+ [,y dA+ [[, 4dA. But 2* tan z is an odd function of x and D is
symmetric with respect to the y-axis, so [ IS z?tanx dA = 0. Similarly, 4 is an odd function of y and D is symmetric with

respect to the z-axis, so [ [, y* dA = 0. Thus
[[p(@*tanz +y* + 4)dA =4 [[, dA = 4(area of D) = 4-77(\/5)2 =8
61. Since y/1 — 22 — y2 > 0, we can interpret ffD v/1 — 22 — y? dA as the volume of the solid that lies below the graph of
z = +/1 — 22 — y2 and above the region D in the zy-plane. z = /1 — 22 — 32 is equivalent to 2> + y? + 22 =1,2 >0

which meets the zy-plane in the circle 2% + y* = 1, the boundary of D. Thus, the solid is an upper hemisphere of radius 1

which has volume 3 [27(1)*] = 2.

16.4 Double Integrals in Polar Coordinates ET15.4

1. The region R is more easily described by polar coordinates: R = {(r, 0)]0<r<4,0<6< 3?” }
Thus [[;, f(z,y) dA = [T/ [* f(rcos @, 7sin6) r dr df.
3. The region R is more easily described by rectangular coordinates: R = {(:c, y)|-1<z<1,0<y< %x + %}

Thus [, f(z,y) dA = f_ll O(zﬂ)/g f(z,y) dydz.

5. The integral f:ﬂ /. 47 r dr df represents the area of the region y

R={(r,0) |4 <r <7 <6 <2r}, the lower half of a ring.

S g rarao = (27 a0) (4 ”“") QJR x

= [0}?[21*]4 (49_16)

7. The disk D can be described in polar coordinates as D = {(r,0) | 0 < r < 3,0 < 0 < 27}. Then
[[p, zydA = f fo (rcosf)(rsin)rdrdf = (fo sm@cos&d@) (f T dr) = [4sin 9] 2n [ir‘l]g = 0.
9. [[.cos(a® +y*)dA = [T [ cos(r?)rdrdd = ([T db) (f03 7 cos(r?) dr)

= [0]3 (3 sin(r2)]g =m-3(sin9 —sin0) = Zsin9

" ffD e_z o dA = fﬂﬂ'/Q f2 - rdrdf = (IWW/2 )(f02 7‘6_T2 dr)

= (0172 [4e T = AR - ) = 50 -

13. R is the region shown in the figure, and can be described y y=x
by R={(r,0)]0<0<mw/4,1 <r < 2}. Thus ,
[ arctan(y/z) dA = fﬂ/4 ff arctan(tan 6) r dr df since y/x = tan 6. X Hyr=1- R SRR
Also, arctan(tan §) = 0 for 0 < 6 < 7 /4, so the integral becomes 1 2 x

ST erdrdg = [/ 0de [Prdr = [16°]0" [3r%)) = 5 - & = B

2 1 32



