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EXAMPLE 6 Find the unit vector in the direction of the vecror Zi - j - 2k.
I0LUTI0N The given vector has length

lzi- i - 2kl: "tr +trn:+ e-ry:,8:z
so, by Equation 4, the unit vector with the same direction is

\(zi-j-2k):ii-*: 3r

APPLICATIONS

Vectors are useful in many aspects of physics and engineering. In Chapter 14 we will see
how they describe the velociry and acceleration of objects movi:rg in space. Here we look
at forces.

A force is represented by a vector because it has both a magnitude (measured in pounds
or newtons) and a direction. If several forces are acting on an object, the resultant force
experienced by the object is the vector sum of these forces.

EXAMPLE 7 A 100-lb weight hangs from rwo wires as shown ia Figure 19. Find the
tensions (forces) Tr and Tu in both wires and their magnitudes.

!0LUIION We f,rst express T1 and T2 in terms of their horizontal and vertical components.
Frorn Figure 20 we see that

tr Tr: -lT,lcos50"i + lt,lrinso'j

tr T, : lT2lcos 32' i + lTz lsin 32' j
The resultant T1 + T2 of the tensions counterbalances the weight w and so we must have

T1 +T2 :100j
Thus

(-lT,lcos50o + lTrlcos 32")i + (lTr lsin50" + lTrlsia32")j:100j
Equating components, we get

-lT1 lcos 50' + lT2lcos 32" : 0

lT1 lsin 50" + lTr l sin 32" : 100

solving the fust of these equations for I T2 | and substituting into the second, we get

IT, I ,i, ,0" * Jr!-!9t!0" sin 32" : loo

So the magnitudes of the tensions are

lrrl:
sin 50o * tan 32'cos 50o

- 85.64lb

B

100

and lTr l : Jrr lco: lo" = 64.91 ib
cos 32o

Substituting these'values in (5) and (6), we obtain the tension vectors

Tr - -55.05i + 65.60j Tz - 55.05i + 34.40i
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EXERCISES

u 
\

6. Copy the vectors in the figure and use them to draw t}le
foilowing vectors.
(a)a+b
(c) 2a
(e)2a+b

7-12 Fin{a vector a wirh representation given by the directed line
segment AB. Draw Ai and the equivalent representation starting at
the origin.

e. A(-1,3), B(2,2)

E a(0, :, r), B(2,3, -t)
A(2,1), B(0, 6)

A(4,0, -2), B(4,2, t)

I. Are the following quantities vectors or scalars? Explain.
(a) The cost of a theater ticket
(b) The current in a river
(c) The initial flight path from Housron ro Dallas
(d) The population of the world

2. What is the relationship between the point (4, 7) and the
vector (4,7)? Illustrate with a sketch.

@ Name a1l the equal vectors in the parailelogram shown..

4. Write each combination of vectors as a single vector._>-.->
(a) PQ + QR

--->
(c) Qs - PS

5. Copy the vectors i-n the figure and use them
foliowing vectors.
(a)u+v
(c)v*w

13-16 Find the sum ofthe given vectors ard illustrate
geometrically.

r3. (-1,4), <6,-2)
ts. (0, 1,2), (0,0, -3)

I0.

t2.

t4.

t6.

<-2, -1), (5, 7)

(-1,0,2), (0,4,0)

_>
o) RP + P.t
-:?+(d)Rs+sP+PQ

o-/\-..--'P

/ \<.-\
/.,'t \\

17-20 Find a 1- b,2a+ 3b, lal, and la - b l.
17. a: (s,-12), b: (*3, -6)
18. a:4i+ j, b:i-2j
19. a:i+2j -3k, b: -2i-j + sk
20.a:2i-4j+4k, b:2j-k

2l-23 Find a unit vector that has the same direciion as the given
vector.

2r. -3i + 7j 72. (_4,2,4)

Eai-j+4k

24. Find a vector that has the same direction as ( _2, 4, 2) but has
length 6.

E If o tes in the first quadrant and makes an angle z/3 with the
positive -r-axis and l* I : +, find v in component form.

26. If achild pults a sled through the snow on a level.path with a
force of 50 N exerted at an angle of 3go above the horizontal,
flnd the horizontal and verticai components ofthe force.

27. A quarterback throws a football with angle of elevation 40o and. speed 60 ft/s. Find the horizontal and vertical componenrs of
the veiocity vector.

28-29 Find the magnitude of the resultant force and the angle it
makes with the positive x-axis.

28. t
/r 

201b

30. The magnitude of a velocity vector is called speed.. Suppose
that a wind is blowing from the direction N45.W at a sieed of
50 km/h. (This meaas thar the direction from which the wind
blows is 45o west of the northerly direction.) A pilot is steering

(b)u-v
(d)w+v+

to draw the

u

t
l*

(b)a-b
(d) -ib
(f)b-:a

29.

7. A(2,3), B(_2,1) 8- A(-2, -2), B(5, 3)
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a platre in the direction N60.8 at au airspeed (speed in still air)of 250 km/h. The true course, ot tack, of the ilzme is thedirection of the resultant of the velociry u".to.r'of tn" pfur.
a1d. the wind. The ground speed of tfr" pf*" i, tt. magnirudeof the resultaut. Fj.nd the true course *a ,fr" gr*ra speed ofthe plane.

31. A woman wala due west on the deck of a ship at 3 mi/h. Theship is moving north at a speed of 22 mi/h.eirJ tf_," speed anddirection of the woman relative to tfr" .u.fu". of the wabr.
32. Ropes 3 m and 5 m in 1engrh are fastened to a holiday decora_tion that is suspended over a town square. The decoration has amass of 

| _ke- 
ff-," ropes, fasrened at different t.igirts, *at"angles of 52" aad 40o with the horizontal^ Fi;fi,, tension ineach wire and the magnitude of each t"nrioo. 

- -^

@ 1a; Draw rhe vecrors a: (3,2), b :c: (7, 1).
ft) Show, by means of asketch, that there are scalars s and ,such that c: sa * /b.
(c) Use the sketch to estimate the values of s and r.(d) Find the exact values ofs and r.

40. Suppose that a and b are nonzero vectors that are not paralleland c is any vecror in the plane debrrnineJ;;l and b. Givea geometric argument to show that c can b" wriu"n asc : sa * rb for suitable scalars s and r. Then give an argu-ment using components.

@r1 : 
!*,n,2) andro 

=.(xo,yo,zo) 
describerhesetof allpoints (x, y, z) such that 

I r _ ., I : i.
42. If r : (r, y), rr : (xr, y1 ) , and 12

set of all points (x, y) such that I r
where ic > 1., - r, l.

43. Figure 16 gives a geometric demonstrarion of propery 2 ofvectors, Use componenrc to give an algebraic proof of thisfact for the case n : 2.

44, Prove Property 5 of vectors algebraically for the case n : 3,Then use similar triangle, to gir" , g".;;;;;;;- "

@ Use vectors te prove that the iine joining the midpoints ofrwo sides of a triangle is paraliel io tir" ifrira Jae ana frafits length.

46. Suppose the three coordinate planes are all mirrored and aIight ray given by rhe vector i : (o,,rr, ,, j n^, srikes rhe .

xz-plane, as shown in the figure. Us" tf,. fr"i Au, ,1" angie ofincidence equals the angle of reflecti* t" rfro* ,frat the direc_
lon of^the reflecred ray is given by b : d,, _;,a3). Deducethat, after being reflecred by all three 

"rr*uffy r"*ri*"J;*mirors, the resulting ray is parailel ro the in#j;y. (Americar
space scientists used fhis principle, together with ]aser beams. and an array of corner mirrors on the Loon, to cJcuhte veryprecisely the distance from the earth to the moonJ

520

3m

40"

(2, -t), ana

: (xz, y2), describe the-r,i+1.-"rl:r,5m

33. A clothesline is tied between two poles, g m apart. The lineis quite raut and has negligible r"g Wh.o a wTismt wlm amass.of.0.8 kg is hung.atthe middle of the line, the midpoint
is pulled down g cm. Find the rension io 

"u.fr.-*ff 
of rf,.clothesliae.

34. The tension T at each end of the chain has magnitude 25 N.What is the weight of the chain?

/\ ?7a/ \-
!i1:,it#isri
Fj]i:i!lli""

35. Find the unit vectors that are parallel to the tangent line to theparabola j : x2 at the point (2,4).

35. (a) Find the unit vectors that are parallel to the tangent line tothe curve y : 2 sia.x at the point (rr/A, Dj.
O) 

*O 
the unit vectors thar are perp"naicui* ro ,t . tangentlne.

(c) Sketch the curve y : 2 sin _r and the vectors in pafts (a)
and (b), all starting at (r/6, 1)

,r. 
Lr, B{oO 9g. the verr.ices of a triangle, flnd
AB+BC+CA.

38. L,et C be the point on the line segmenr AB that is twice
as far$om B as it is ftom A. It 

" 
: d.,b : O;, *d

c : OC,show that c : ?a + *t.

x
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FIGURE 7

EXERCISES

Which of the following expressions are meaningful? Which are
meaningless? Explain.

Thus the work done by a constant force F is ttre dot product F . D, where D is the displace-
ment vector.

EXAMPLE 7 A wagon is pulled a distance of 100 m along a horizontal path by a constant
force of 70 N. The handle of the wagon is held at an angle of 35' above the horizontal.
Find the work done by the force.

50tUTl0N If F and D are the force and displacement vectors, as pictured in Figure 7, then
the work done is

r4z:F.D:lFllDIcos350
: (70)(100) cos 35o * 5'734 N.m : 57341 tr

EXAMPLE 8 A force is given by a vector F : 3i + 4j + 5k and moves a particle from
the point P(2,1,0) to the point e@,6, 2). Find rhe work done.

S0LUTIOI{ The displacement vector is D : pi : <r,5, 2), so by Equation 12, the work
done is

IV: F. D : (3, 4,s> . <2,s,2)

If the unit of length is meters and the magnirude of the force is measured in newtons, .

then the work done is 36 joules. tr

(b) (a . b)c
(d)a.(b+c)
(D lal.G + c)

2. Find the dot product of two vectors if their iengths are 6
and I and the angle between them is rr/4.

3-l0Finda.b.

r.a:(-z,j), b:(-5,12)
a. a: (-2,3), b: (0.7,1.2)

s. a : (+, r, i), b : (6, -3, -8)
6. a: (s,2s,3s), b : (r, -r,5r)

O":i-2i +3k, b:si+ek
8.a:4j-3h b:2i+4j+6k

@t"t 
: U, Ibl : 5, theangteberweenaandb is2rl3

to. la | : 3, lb I : ",C-, the argle berween a and b is 45o

(a) (a . b) .c
(c1 lal(b.c)
(e) a.b * c

I 1-12 If u is a unit vectoq flnd u .vandu.w

17.

13. f) Showthari. j: j.k: k'i:0.
e)si,o*thati' i :i' i : k' k : 1.

14. A sfreer vendor sells a hamburgers, D hot dogs, and c soft
drinks on a given day. He charges $2 for a hamburger, $1.50
for a hot dog, and $1 for a soft drink. tf A : (a, b, c) and
P : <2, 1.5, 1 ), what is the meaning of the dot product A . p ?

l5-20 Find the aagle between the vectors. (First find an exact
expression and then approximate to the nearest degree.)

15. a: (-8,6), r 
= 

(.,f,:)
16. a : (.a, r;, b: (o, s)



t7.a: (3,-1,5), b: (-2,4,3)

18. a: (4,0,2), b: (2, _1,0)

@a:j+k, b:i+2i-3k

Ii\r:i-2:-2k, b:4i-3k

ZI-ZZ F:u:rd, corect to the nearest degree, the three angles ofthe
triangle with the given vertices.
.--1
(zr.)a(t, o), B(3,6), cl-1,4)

xz. D(0,1,1), E(-2,4,3), F(1,2, -1)

SECTION I3.3 THE DOT PRODUCT

3e.a:2i-j+4k, b:j+ik
40.a:i+j+k, b:i-j+k

llll 82r

I4il Sho* that the vector ortha b : b - proj" b is orthogonal to a.
(It is called an orthogonal projection of b.)

For the vectors in Exercise 36, find orth" b and illustrate by
drawing the vectors a, b, proj" b, and orth" b.

If a : (3, 0, -l), find a vectorb such that compub : 2.

23-24 Determine whether the given vectors are orthogonal,
parallel, or neither.

( zt.)ra a : ( -5, 3, 7 ), b : (6, -8, 2)
\-z 6u1a: (a,6), b: (-3,2)

(c) a: -i+2j + 5k, b:3i +4j -k(d)a:2i + 6: - 4k,'r b: *3i - 9j + 6k

24. (a) u : (-3,9, 6), v : (4, -12, -8)(b)u:i-j+2k, v:2i-j+k
(c) u: (a,b,c), 1: (-b,a,0)

25, Use vectors to decide whether the triangle with vertices
P(1, -3, -2), QQ,O, -4), and rR(6, -2, -5) is right-angted.

lfg fo, what values ofb arethe vectors (-6,b,2> and <b,bz,b)
\r\orthogonai?
rL\
\llz.]FlnO a unit vector rhat is orthogonal to both i + j and i + k.

28. Find two unit vectors that make an angle of 60. with
v: (3, a).

29-33 Find the direction cosines and direction angles of the
vector. (Give the direction angles correct to *ie nearest degree.)

44. Suppose that a and b are nonzero vecrors.
(a) Under what circumstances is compo b : comps a?
(b) Under what circumsrances is pd" b : proj6 a?

Find the work done by a force F : 8i - 6j + 9k thatmoves
an object from the point (0, 10; 8) ro the point (6, 12, 20) along
a straight line. The distance is measured in meters and the force
in newtons.

Use this formula to flnd the distance from the point (-2, 3) to' theline3-r-4y+5:0.

50. Ifr: (x,y,z),a: (at,az,a3),anclb: (0,, bz,b),shotrt
that the vector equation (r - a) . (r - b) : 0 represenrs a
sphere, and find its center and radius.

E fina the angle between a diagonal ofa cube and one ofits
edges.

52. Find the angle between a diagonal ofa cube and a diagonal of
one of its faces.

53. A molecule of methane, CH+, is structured with the four hydro-
gen atoms at the vertices of a regular tetrahedron and the car_
bon atom at the centroid.Tlrte bond angle is the angle formed
by the H-C-H combination; it is the angle befween the
lines that join the carbon atom to two of the hydrogen atoms.
Show that the bond angle is about 109.5.. [Hirr, Take the
vefiices of the terrahedron to be the points ( 1, 0, 0), (0, 1 , 0) ,

7e. (3,4,s>

3r.2i+3j-6k
33. (c, c, c), where c ) 0

30.

32.

(1, -2, -1)
2i-j+2k

34. If a vector has direction angles e : nl4 and F : n/3,find the
third direction angle 7.

-4'-\35-40 Find t( scalarlnd vecror projecrions of b onto a.

35. a : (1, _+ffi: 
15,61

36.a:(1,2), b:(-4,r)

O": (3,6, -2), b : (r,2,3)
38. x: <-2,3,-6), b: (s,-1,4)

47.

\@i

-^,
fft.)th tow truck drags a stalled car along a road. The chain makes
\*/ an angle of 30" with the road and the tension in the chain is

1500 N. How much work is done by the truck in pulling the
car 1 km?

[g){ A sled is puiled along a leve1 path through snow by d rope. A
\:_,/ 30-1b force acting at an angle of40. above the horizontal

l\ moves the sled 80 ft. Find the work done by the force.

lVgY boat sails sourh with rhe help of a wind blowing in the direc-
\ " /tion S36"E with magninrde 400 lb. Find the work done by the

wind as the boat moves 120 ft.

lZ9.-l Use a scalar projection to show that the distance from a point
Pt(xt,y,) to the line ax * by * c : 0 is
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54. Ifc: l"lb + lbla, wherea,b, andcareallnonzero
vectors, show that c bisects the angle between a and b.

55. Prove Properties 2,4, and 5 ofthe dot product (Theorem 2).

56. Suppose that all sides of a quadriiateral are equal in length and
opposite sides are parallel. Use vector methods to show that the
diagonals are perpendicular.

llll cHApTER l3 VECTORS AND THE GEOMETRY OF SPACE

(0,0, 1), and (1, 1, 1) as shown in the figure. Then the centroid
i' (;, i, i) l

l57l Use Theorem 3 to prove the Cauchy-Schwarz Inequality:

la.bl<lallll
@fh" Triangle Inequality for vecrors is

la + bl< lal+ ltl
(a) Give a geometric interpretation of the Triangle Inequality.
(b) Use the Cauchy-Schwarz Inequality from Exercise 57 to

prove the Triaagle Inequality. [Ilizr: Use the fact that

I a + b l'? 
: (a + b) . (a + b) and useproperty 3 of the

dot product.l

59. The Parallelogram Law states that

la + bl'?+ l" - b'1,:zlal, + zlul,
(a) Give a geometric interyretation of the Parallelogram Law.
(b) Prove the Parallelogram Law. (See the hint in Exercise 58.)

50. Show that if u * v and u - v are orthogonal, then the vectors
u and v must have the same length.

-+ IJ.4I THE CROSS PRODUCT

The cross product a X b of two vectors a and b, unlike the dot product, is a vector. For
this reason it is also called the vector product. Note that a X b is defined oniy when a and
b are tlree-dimensional vectors.

This may seem like a strange way of defi.ning a product. The reason for the particirlar
form of Definition 1 is that the cross product defined in this way has many usefu1 proper-
ties, as we will soon see. In particular, we will show that the vector a X b is perpendicu-
lar to both a and b.

In order to make Deflnition 1 easier to remember, we use the notation of determinants.
A determinant of order 2 is defined bv

:ad-bc

rij

tt

ab
-)

For example,

A determinant of order
follows:

: 2(4) - 1(*6) : 14
2'l

-64
3 can be defi.ned in terms of second-order determinants as

bz bt

cz c3

A1

bt

Ct

a2 a3

bz bt

c2 c3

lu, b^
- a.l'l c, ct

i

1b, b"* atl
t^tLl ta
I

f orrtNtrloN If a : (ar, az, at) and b : \br, br, D3), then the cross product
of a and b is the vector

a x b : (orb, - a3b2,a3b1 - atbt, arbz - azbr)

tr :al
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(l./)

torque vector is

l"i :lrxFl:i.llFlsin0
where 0 is the angle between the position and force vectors. observe that the only com-
ponent of F that can cause a rotation is the one perpendicular to r, that is, I F I sin'g. Themagnifude of the torque is equal to the area of the parallelogram determined by r and F.

EXAMPLE 6 A bolt is tightened by apprying a 40-N force to a 0.25-m wrench as shown
in Figure 5. Find the magnitude of the torque about the center of the bo1t.

S0LUII0N The magnitude of the torque vector is

l.l : lr x Fi : l.llFlsin75.: (0.2sX40)sin75.

: 10 sin 75' : 9.66 N.m

If the boit is right-threaded, then the torque vector itselfis

-r r: l"l" -9.66n
where n is a unit vector directed down into the page. l-t

EXERCISES

l-7 Find fhe cross product a X b and verify that it is orthogonai
to both a and b.

t. a: (6,0,-2), b: (0,8,0)

z. a : (1, 1, -1), b: (2,4,6)

3.a:i+3j-2k, b:-i+5k
4. a:j+7k, b:2i- j+4k

Or:i-j-k, t:ji+j+;k
5. a: i * e' j-t e-tk, b:2i + e, j - e-,1

E a: Q,r2,t3), b: (1,2t,3t2)

8. If a : i - 2k and b : j + k, find a X b. Skerch a, b, and
a X b as vectors starthg at the origin.

9-12 Find the vecior, not with determinants, but by using proper_
ties of cross producrs.

14-15 Find lu X v I and determine whether u X v is directed into
th5: page or our of the page./-\w
lul:5

@n. figure shows a vector a in the xy-piane and a vecror b in

-the direction of k. Their lengths are l" I : : and lb | : 2.
(a) Find la x b l.
(b) Use the righrhand rule to decide whether rhe componenrs

of a X b are positive, negative, or 0.

Qti*i)*r.
il. (j-k)x(k-i)

["]ur(i-2j)
12. (i+j)x(i-j)

L\
fl!$ute _wtrether 

each expression is meaningfr:I. If not, explain

- why. lf so. state whether it is a vector or a scalar.

GOa: (1,2,1) and b: (0,1,3),findaXbandb xa.
18. If a : (3, 1, 2), b: (-1, 1,0), and. : (01,0, _4), showthataX(bxc)#(axb)xc.
E fina fwo unit vectors orrhogonal to both ( i, - 1, 1 ) and

<0,4,4).

(a) a.(b x c)

(c)ax(bxc)
(e) (a'b) x (c . d)

(b) a x (b.c)
(d) (a .b) x c
(f) (axb).(cxd)



20. Find rwo unit vectors orthogonal to both i + j + k
and 2i + k.

21. Show that 0 X a : 0 : a X 0 for any vector a in V3.

(.2}Sno* that (a x b)' b : 0 for all vectors a and b in %.

23. Prove Properly 1 ofTheorem 8.

24. Prove Properry 2 ofTheorem 8.

25. Prove Properry 3 ofTheorem 8.

25. Prove Properry 4 ofTheorem 8.

27. Find the area of the parallelogram with vertices A(-2, l),
B(0,4), C(4,2), afi D(2, -1).

28. Find the area of the parallelogram with vertjces K(1,2,3),
L(l, 3, 6), M(3, 8, 6), and N(3, 7, 3).

29-32 (a) Find a nonzero vector orthogonal to the plane through
the points P, Q, and rR, and (b) find the area of triangle PQR.

@ r(r, o, o), e@,2,0), R(0,0,3)

30. P(2, r, s), 9e1,3,4), R(3, 0, 6)/:.
\$l/(0, -2, o), Q(4,1. -2), R(5,3, 1)

32. P(-1,3,1), QQ.s,2), R(4,3, -1)

33-34 Find the volume of the parallelepiped determined by the
vectors a, b, and c.

33. a : (6, 3, -1), b : (0, 1,2), c: (4, -2,5)
34.a: i+j-k, b:i-j+k, c:-i+j+k

35-36 Find the volume of the parallelepiped with adjacent edges

PQ, PR, and PS.

3s. P(2,0, -1), Q@,1,0), R(3, -1, 1), S(2,*2,2)

35. P(3, 0, 1), QeL2, s), R(5, 1, - 1), s(0, 4, 2)

Use the scalar triple product to verify that the vectors
u : i * 5j - 2k,v : 3i - j,andw : 5i + 9j - 4k
are coplanar.

Use the scalar triple product to determine whether the points
A(1,3,2), B(3, -1,6), C(s,2,0), and D(3,6, -4) lie in the
same plane.

A bicycle pedal is pushed by a foot with a 60-N force as

shown. The shaft of the pedal is 18 cm Iong. Find the
magnitude of the torque about P.

sEcTroN t3.4 THE CROSS pRoDUCT Illl

Find the magnin:de of the torque about P if a 36-1b force is
appiied as shown.

(axb).(cxd):

149.1 suppose that a I 0.

(a) If a . b : a . c, does it.fo1low thatb : c?

41. A wrench 30 cm long lies along the positive y-axis and grips a

bolt at the origin. A force is applied in the direction (0, 3, -4)
at the end of the wrench. Find the magnitude of the force
needed to supply 100 N.m of torque to the bolt.

47. Let v : 5j and 1et u be a vector with length 3 that starS at
the origin and rotates in the xy-plane. Find the maximum and
minimum values of the length of the vector u X v. In what

_ direction does u X v poilt?,-
( EIJ l") Let P be a point not on the line L that passes through the
\/ points p and R. Show that the distance d from the point P

to the line I is

laxbl- l"l
---) +

wherea:QRandb:QP.
(b) Use the formula in part (a) to find the distance from

the point P(1, 1, 1) to the line through C(0, 6, 8) and
R(-1,4,7).

44. (a) Let P be a point not on the plane that passeS through the
points Q, R, and S. Show that the distance d from P to the

plane is

,- l(axb) 'cl
la x bl

where a : a-R,a: 6, *a ": ei.
(b) Use the formula in part (a) to find the distance from the

point P(2, 1, 4) to the plane tkongh the points 0(i, 0, 0),
R(0, 2, 0), and S(0, 0, 3).

I l!!,]prove that (a - b) x (a + b) : 2(a x b).

45. Prove Property 6 ofTheorem 8, that is,

a x (b x c) : (a. c)b - (a. b)c

47. Use Exercise 46 to prove that

a x (bxc) + b x (c x a) + c x (a x b) :0
48. Prove that

a.c b'c
a.d b.d
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40.

37.

38.

60 NA/ \70"
/1'. ''-----l-rn7---

... --! - -... - -. ..1...1v P, '-,, :,:,,..

39.


