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EXAMPLE 6 Find the unit vector in the direction of the vector 2i — j — 2k.
SOLUTION The given vector has length

12i —j = 2k| =22+ (=12 + (=2) =./9 =3

so, by Equation 4, the unit vector with the same direction is

Ri-j-2k)=%i—-1j-k O

APPLICATIONS

Vectors are useful in many aspects of physics and engineering. In Chapter 14 we will see
how they describe the velocity and acceleration of objects moving in space. Here we look
at forces.

A force is represented by a vector because it has both a magnitude (measured in pounds
or newtons) and a direction. If several forces are acting on an object, the resultant force
experienced by the object is the vector sum of these forces.

EXAMPLE 7 A 100-1b weight hangs from two wires as shown in Figure 19. Find the
tensions (forces) T; and T, in both wires and their magnitudes.

SOLUTION We first express T and T, in terms of their horizontal and vertical components.
From Figure 20 we see that

[5] T: = —|Ti|cos 50°i + | T, | sin 50° j
FIGURE 19 (6] T, = |T,|cos 32°i + | T, |sin 32°j

The resultant T; + T, of the tensions counterbalances the weight w and so we must have

T] = T2= W = 100j

Thus
(=[T1|cos 50° + | Ts|cos 32°) i + (|T;|sin 50° + | T2 sin 32°) j = 100

Equating components, we get

—|T1|cos 50° + |T»|cos 32° = 0
| Ty | sin 50° + | T, |sin 32° = 100

FIGURE 20

Solving the first of these equations for | T, | and substituting into the second, we get

T 50°
| T, | sin 50° + '—l’cﬁo—sm 32° = 100
0s 32
So the magnitudes of the tensions are
100
| T | = = 85.64 1b

sin 50° + tan 32° cos 50°

| T1 | cos 50°

~64911b
cos 32°

Substituting these values in (5) and (6), we obtain the tension vectors

T, = —55.051 + 65.60j T, = 55.051 + 34.40j
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I. Are the following quantities vectors or scalars? Explain.
(a) The cost of a theater ticket
(b) The current in a river
(c) The initial flight path from Houston to Dallas
(d) The population of the world

2. What is the relationship between the point (4, 7) and the
vector (4, 7)? Nlustrate with a sketch.

[3] Name all the equal vectors in the parallelogram shown..
A B

D C
4. Write each combination of vectors as a single vector.
— > = ==
(a) PO + OR (b) RP +PS
— — e
(c) 0§ — PS (d) RS +SP + PO

P

R S

5. Copy the vectors in the figure and use them to draw the
following vectors.
@u+v
©)v+w

®)u-—-v
@Ww+v+nu

6. Copy the vectors in the figure and use them to draw the
following vectors.

(@ a+b (b)a—b>b

(© 2a @ -3

(e)2a + b (f)b — 3a
b

7-12 Find a vector a with representation given by the directed line

kil
Ségment AB. Draw AB and the equivalent representation starting at
the origin.

1. A(2,3), B(-2,1) 8. A(=2,-2), B(5,3)

9. A(—1,3), B(22)
MA@, 3,1), B23,—1)

10. AQ2,1), B(0,6)
12. A(4,0,-2), B(4,2,1)

13-16 Find the sum of the given vectors and illustrate
geometrically.

13. (—=1,4), (6,-2)
I5. (0,1,2), (0,0, —3)

14, (=2,-1), (5,7)
16. (=1,0,2), (0,4,0)

17-20 Finda + b, 2a + 3b, al,and |a — b/
17 a = (5,-12), b= (-3, -6>
18.a=4i+j b=i-2j

19. a=1i+2j— 3k, b=-2i—-j+ 5k

20 a=2i-4j+4k b=2j-k

21-23 Find a unit vector that has the same direction as the given
Vector.

21. —3i + 7j
23]8i—j + 4k

22, (—4,2,4)

24. Find a vector that has the same direction as (—2,4,2) but has
length 6.

If'v lies in the first quadrant and makes an angle 7/3 with the
positive x-axis and |v | = 4, find v in component form.

26. If a child pulls a sled through the snow on a level -path with a
force of 50 N exerted at an angle of 38° above the horizontal,
find the horizontal and vertical components of the force.

27. A quarterback throws a football with angle of elevation 40° and
speed 60 ft/s. Find the horizontal and vertical components of
the velocity vector.

28-29 Find the magnitude of the resultant force and the angle it
makes with the positive x-axis.

28. 29. y
/ 20 1b 200 N
450 300N 60°
0[™\30° x 0 i

161b

30. The magnitude of a velocity vector is called speed. Suppose
that a wind is blowing from the direction N45°W at a speed of
50 km/h. (This means that the direction from which the wind
blows is 45° west of the northerly direction.) A pilot is steering
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32.

33.

34.

35,

36.

7.

38.
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a plane in the direction N60°E at an airspeed (speed in still air)
of 250 km/h. The true course, or track, of the plane is the
direction of the resultant of the velocity vectors of the plane
and the wind. The ground speed of the plane is the magnitude
of the resultant. Find the true course and the ground speed of
the plane. ’

A woman walks due west on the deck of a ship at 3 mi/h. The
ship is moving north at a speed of 22 mi/h. Find the speed and
direction of the woman relative to the surface of the water.

Ropes 3m and 5 m in length are fastened to a holiday decora-
tion that is suspended over a town square. The decoration has a
mass of 5 kg, The ropes, fastened at different heights, make
angles of 52° and 40° with the horizontal. Find the tension in
each wire and the magnitude of each tension.

A clothesline is tied between two poles, 8 m apart. The line
is quite taut and has negligible sag. When a wet shirt with a
mass of 0.8 kg is hung at the middle of the line, the midpoint
is pulled down 8 cm. Find the tension in each half of the
clothesline.

The tension T at each end of the chain has magnitude 25 N.
What is the weight of the chain?

N 7

N, //
//§ 37°

3

37°7\

Find the unit vectors that are parallel to the tangent line to the
parabola y = x? at the point (2, 4).

(a) Find the unit vectors that are paralle] to the tangent line to
the curve y = 2 sin x at the point (7/6, 1).

(b) Find the unit vectors that are perpendicular to the tangent
line.

(c) Sketch the curve Y = 2 sin x and the vectors in parts (a)
and (b), all starting at (#/6, 1).

If A, B, and C are the vertices of a triangle, find

— —> —
AB + BC + CA.

Let C be the point on the line segment ¢ AB that g twice
asfarir)omBasitis fromA.Ifa=0A, b = OB, and

¢ = OC, show thatc = %a + p,

(a) Draw the vectors a = (3, 2),b=(2,~1), and

40.

BLIIfr = (x,y,z) and ry =

42,

43.

44,

=7, 1)

(b) Show, by means of a sketch, that there are scalars s and ¢
such that ¢ = sa + rh.

(¢) Use the sketch to estimate the values of s and i

(d) Find the exact values of s and z.

Suppose that a and b are nonzero vectors that are not paralle]
and c is any vector in the plane determined by a and b, Give
& geometric argument to show that ¢ can be written as

€ = sa + rb for suitable scalars s and ¢, Then give an argu-
ment using components.

(X0, Y0, 20, describe the set of all
points (x, y, z) such that | — r| = 1.

Ifl‘ o <x=)’>, Fp = <xl,y1>, and I, =
set of all points (x, y) such that
where k > |r; — r,|.

(x2,y2), describe the
[r—r |+ [r—r| =k

Figure 16 gives a geometric demonstration of Property 2 of
vectors. Use components to give an algebraic proof of this
fact for the case n = 2.

Prove Property 5 of vectors algebraically for the case n = 3.
Then use similar triangles to give a geometric proof.

Use vectors to prove that the line joining the midpoints of

46.

two sides of a triangle is parallel to the third side and half
its length.

Suppose the three coordinate planes are all mirrored and a
light ray given by the vector a = (g,, as, as) first strikes the
xz-plane, as shown in the figure. Use the fact that the angle of
incidence equals the angle of reflection to show that the direc-
tion of the reflected ray is given by b = (g, —q,, as). Deduce
that, after being reflected by all three mutually perpendicular
mirrors, the resulting ray is parallel to the initia] ray. (American
space scientists used this principle, together with laser beams

. and an array of corner mirrors on the moon, to calculate very

precisely the distance from the earth to the moon.)
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Thus the work done by a constant force F is the dot product F - D, where D is the displace-
ment vector.

EXAMPLE 7 A wagon is pulled a distance of 100 m along a horizontal path by a constant
force of 70 N. The handle of the wagon is held at an angle of 35° above the horizontal,
Find the work done by the force.

SOLUTION If F and D are the force and displacement vectors, as pictured in Figure 7, then
F the work done is

D W=F:D = |F||D| cos 35°

FIGURE 7 = (70)(100) cos 35° = 5734 N'm = 5734 ] O

EXAMPLE 8 A force is given by a vector F = 3i + 4j + 5k and moves a particle from
the point P(2, 1, 0) to the point Q(4, 6, 2). Find the work done.

SOLUTION The displacement vector is D = P_Q> = (2, 5, 2), so by Equation 12, the work
done is

W=F-D=(3,4,5)-(2752)
=6+20+ 10 =36

If the unit of length is meters and the magnitude of the force is measured in newtons, .

then the work done is 36 joules. O
_|13.3] EXERCISES
Which of the following expressions are meaningful? Which are 11-12 If u is a unit vector, find u - vand u - w.
meaningless? Explain. ' 12 3
(@ (a-b)-c (b) (a - b)e ' :
@) |al®-c) da-®b+c) . y
(e)a-b+c (f) |a]+ (b + ¢) v
w4 4

2. Find the dot product of two vectors if their lengths are 6
and 1 and the angle between them is 7/4.

3-10 Finda - b. ’ ‘

3.a=(-21), b=(-512)
T _ 13. (a) Showthati-j=j:-k=k-i=0.
4. a=(-2,3), b=(07,1.2) Showthati-i=j'j=k'k=1.

1
5.a= <4’ 1, Z>, b =46, =8, -8 14. A street vendor sells a hamburgers, b hot dogs, and ¢ soft

_ : drinks on a given day. He charges $2 for a hamburger, $1.50
6. a = (g, 25, 3s), =t =15t ; b
s 2. By < ) for a hot dog, and $1 for a soft drink. If A = (a, b, ¢) and
(Da=i-2j +3k b=5i+9k P = (2,15, 1), what is the meaning of the dot product A - P?
8. a=4j—-3k, b=2i+4j+6k 15-20 Find the angle between the vectors. (First find an exact
@ la] =6, |b| =5, the angle between a and b is 27/3 expression and then approximate to the nearest degree.) ]

15. a=(—8,6), b=1{(/7,3)

10. [a] =3, |b|=4/6, the angle between a and b is 45°
bl bl 16. a=(/3,1), b=(0,5)




17.a=(3,~-1,5), b=(-24,3)
18. a=(4,0,2), b=(2,—-1,0)
Mla=j+k b=i+2j-3k

(20.)a=i+2j—2k, b =4i - 3k

21-22 Find, correct to the nearest degree, the three angles of the
triangle with the given vertices.

@A(l, 0, BG.6), C(—1,4)
22

PO, L, 1), E-2,43), Fll,2=1)

23-24 Determine whether the given vectors are orthogonal,
parallel, or neither.

@@) A= (=537, b= (68 2)
(b)a=1(4,6), b=(-3,2)
' (C)2—-1+2J+5k b=3i+4j—-k

(d)a= 21+6_]—4k b——31—9_]+6k
4. @) u=(=309,6), v=(4,-12, —-8)

Mu=i—-j+2k v=2i—-j+k

©u=(ab,c), v=(-b,a0)

25. Use vectors to decide whether the triangle with vertices
P(1, -3, =2), 0(2,0, —4), and R(6, —2, —5) is right-angled.

@ For what values of b are the vectors (—6, b, 2) and (b, b2 b)

orthogonal?
" ind a unit vector that is orthogonal to both i + j and i + k.

28. Find two unit vectors that make an angle of 60° with
v=(3,4).

29-33 Find the direction cosines and direction angles of the

vector. (Give the direction angles correct to the nearest degree.)

29. (3,4,5) 30. (1,—2, —1}
31. 2i + 3j - 6k

33. {c,c, ),

32. 2i —j + 2k

where ¢ > 0

34. If a vector has direction angles @ = /4 and 8 = /3, find the
third direction angle 7.

35-40 Find the scalar /and vector projections of b onto a.

35 a = (3, —4)““‘"1)— (5,0)

36'a=<152>7 b=<_4$1>
a=(3,6,-2), b=(1,2,3)
38 a=(-2,3,-6), b=(5-1,4)
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39.a=2i-j+4k b=j+1ik

40.a=i+j+k b=i-j+k

Show that the vector orthy b = b — proja b is orthogonal to a.
(It is called an orthogonal projection of b.)

42. For the vectors in Exercise 36, find orth, b and illustrate by
drawing the vectors a, b, proja b, and orth, b.

[43/ifa = (3,0,

—1), find a vector b such that compa b = 2.

44. Suppose that a and b are nonzero vectors.
(a) Under what circumstances is comp, b = compy, a?
(b) Under what circumstances is proj, b = projp a?

Find the work done by a force F = 8i — 6j + 9k that moves
an object from the point (0, 10, 8) to the point (6, 12, 20) along
a straight line. The distance is measured in meters and the force
in newtons.

46 1A tow truck drags a stalled car along a road. The chain makes

A an angle of 30° with the road and the tension in the chain is
1500 N. How much work is done by the truck in pulling the
car 1 km?

} A sled is pulled along a level path through snow by a rope. A
30-Ib force acting at an angle of 40° above the horizontal
moves the sled 80 ft. Find the work done by the force.

4/48'>A boat sails south with the help of a wind blowing in the direc-
L tion S36°E with magnitude 400 Ib. Find the work done by the
wind as the boat moves 120 ft.

[49] Use a scalar projection to show that the distance from a point
Pi(x;,y) tothelineax + by + ¢ = 0 is

}axl <+ byI -t C’
va?r+ b?

Use this formula to find the distance from the point (—2, 3) to
the line 3x — 4y + 5 = Q.

50. If r = (x,y,2),a = (aj,az,a3), and b = (by, by, b3 ), show
that the vector equation (r — a) - (r — b) = 0 represents a
sphere, and find its center and radius.

[B1.] Find the angle between a diagonal of a cube and one of its
edges.

52. Find the angle between a diagonal of a cube and a diagonal of
one of its faces.

53. A molecule of methane, CH., is structured with the four hydro-
gen atoms at the vertices of a regular tetrahedron and the car-
bon atom at the centroid. The bond angle is the angle formed
by the H—C—H combination; it is the angle between the
lines that join the carbon atom to two of the hydrogen atoms.
Show that the bond angle is about 109.5°. [Hins: Take the
vertices of the tetrahedron to be the points (1, 0, 0), (0, 1, 0),
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(0,0, 1), and (1, 1, 1) as shown in the figure. Then the centroid
s

is (

111
222527

H

X

Ifc=|a|b + |b|a, where a, b, and ¢ are all nonzero
vectors, show that ¢ bisects the angle between a and b.

55. Prove Properties 2, 4, and 5 of the dot product (Theorem 2).

56. Suppose that all sides of a quadrilateral are equal in length and

Use Theorem 3 to prove the Cauchy-Schwarz Inequality:
la-b|<|a|[b]
@The Triangle Inequality for vectors is
la+b|<|a|l+|b]

(a) Give a geometric interpretation of the Triangle Inequality.

(b) Use the Cauchy-Schwarz Inequality from Exercise 57 to
prove the Triangle Inequality. [Hinz: Use the fact that
|a+b|*=(a+b):(a+ b)and use Property 3 of the
dot product.]

59. The Parallelogram Law states that
la+bf+|a—-bPP=2|a+ 2|b?

(2) Give a geometric interpretation of the Parallelogram Law.
(b) Prove the Parallelogram Law. (See the hint in Exercise 58.)

opposite sides are parallel. Use vector methods to show that the 60. Show thatif u + v and u — v are orthogonal, then the vectors

diagonals are perpendicular.

13.4

u and v must have the same length.

THE CROSS PRODUCT

The cross product a X b of two vectors a and b, unlike the dot product, is a vector. For
this reason it is also called the vector product. Note thata X b is defined only when a and
b are three-dimensional vectors.

[I] DEFINITION Ifa = (ay, a,, as) and b = (b, b,, bs), then the cross product
of a and b is the vector :

a X b = (abs — asb,, ash; — a\bs, a\b; — azby) g ‘

This may seem like a strange way of defining a product. The reason for the particular
form of Definition 1 is that the cross product defined in this way has many useful proper-
ties, as we will soon see. In particular, we will show that the vector a X b is perpendicu-
lar to both a and b. '

In order to make Definition 1 easier to remember, we use the notation of determinants.
A determinant of order 2 is defined by

Q

=ad — bc

b
d

(o}

l

2 .l
For example, l =2(4) — 1(—6) = 14

-6 4

A determinant of order 3 can be defined in terms of second-order determinants as
follows:

a, a das
by bs by b by b,
by by by|=a — az az
Cy C3 C C3 i G2
1 C C3
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torque vector is
|7|=|r X F|=|r||F|sin 8
where 6 is the angle between the position and force vectors. Observe that the only com- '

ponent of F that can cause a rotation is the one perpendicular to r, that is, | F|sin 6. The
. magnitude of the torque is equal to the area of the parallelogram determined by r and F.

EXAMPLE 6 A bolt is tightened by applying a 40-N force to a 0.25-m wrench as shown
in Figure 5. Find the magnitude of the torque about the center of the bolt.

SOLUTION Thevmagnitude of the torque vector is
| 7| =|r X F| = |r||F|sin 75° = (0.25)(40) sin 75°
= 10sin75° = 9.66 N'm

If the bolt is right-threaded, then the torque vector itself is

iy 7=|7|n=9.66n
FIGURE 5 where n is a unit vector directed down into the page. O
[3.4| EXERCISES
I-7 Find the cross product a X b and verify that it is orthogonal 14-15 Find |u X v| and determine whether u X v is directed into

to both a and b. the page or out of the page.

l.a=(6,0,-2), b={(0,8,0) @ @

2.a=(1,1,-1), b=1(24,6) jlu|=6
[v|=8
e s e =5 =
J.a=i+3j—2k, b= -i+5k lu] 60° V=10 150
=Jj+7k b=2i-j+4k A Sy

4. a
S)a=i-j—k b=ii+j+!k :
Q 1T he figure shows a vector a in the xy-plane and a vector b in

6a=itej+e’k b=2i+¢j— ek the direction of k. Their lengths are |a| = 3 and | b| = 2.

(a) Find |a X b|.

(b) Use the right-hand rule to decide whether the components
of a X b are positive, negative, or 0.

8. Ifa=i-2kandb=j+k finda X b. Sketch a, b, and ' z
a X'b as vectors starting at the origin.

a={HE Fy b={1 5%

9-12 Find the vector, not with determinants, but by using proper-
ties of cross products. )

(9 G x ) xk 13 xxa-2j

L (j— k) X (k — i) 2 G+ X G- )

’ @Ifa=(1,2,1) and b= (0,1,3),finda X band b X a.
@tﬁte whether each expression is meaningful. If not, explain )

why. If so, state whether it is a vector or a scalar. 18. Ifa=(3,1,2), b= <—_1’ 1,0), and ¢ = (0,0, —4), show
(a)a-(ch) (b)aX(b~c) thataX(ch)#(aXb)Xc.
(c)a X (b Xe¢) (d (a+b) Xe Find two unit vectors orthogonal to both (1,=1,1) and

(e) (a-b) X (c-d) (f) @XDb):(cxd) (0,4,4).




\BL] »(0, -2,0),

20. Find two unit vectors orthogonal to bothi + j + k
and 2i + k.

21. Show that 0 X a = 0 = a X 0 for any vector a in V;.
@Show that (a X b) - b = 0 for all vectors a and b in V;.

23. Prove Property 1 of Theorem 8.

24. Prove Property 2 of Theorem 8.

25. Prove Property 3 of Theorem 8.

26. Prove Property 4 of Theorem 8.

27. Find the area of the parallelogram with vertices A(—2, 1),
B(0, 4), C(4,2), and D(2, —1).

28. Find the area of the parallelogram with vertices K(1, 2, 3),
L(1,3,6), M3, 8, 6), and N(3, 7, 3).

29-32 (a) Find a nonzero vector orthogonal to the plane through

the points P, O, and R, and (b) find the area of triangle POR.

P(1,0,0), 0(0,2,0), R(0,0,3)

30. P(2,1, 5) 0(-1,3,4), R(3,0,6)

0(4,1,-2), R(,3,1)

32. P( 1,3,1), 0(0,5,2), R@4,3,—1)

33-34 Find the volume of the parallelepiped determined by the
vectors a, b, and c.

33.a=(6,3,—-1), b=10,1,2),
4. a=i+j—k b=i-j+k,

c=(4,-2,5)
e=—-i+j+k

35-36 Find the volume of the parallelepiped with adjacent edges
PQ, PR, and PS.

P2.0,-1), 0¢,1,0), R(E.=1,1), §2,=2,2
36. P(3,0,1), 0(—1,2,5), R(51,-1), S5(0,4,2)

37. Use the scalar triple product to verify that the vectors
u=1i+5j—2k, v=3i—jandw=15i+9j - 4k
are coplanar.

38. Use the scalar triple product to determine whether the points

A(1,3,2), B(3, —1,6), C(5,2,0), and D(3, 6, —4) lie in the
same plane.

39. A bicycle pedal is pushed by a foot with a 60-N force as
shown. The shaft of the pedal is 18 cm long. Find the
magnitude of the torque about P.

60N
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40. Find the magnitude of the torque about P if a 36-Ib force is
applied as showmn.

4 ft

. A wrench 30 cm long lies along the positive y-axis and grips a
bolt at the origin. A force is applied in the direction (0,3, —4)
at the end of the wrench. Find the magnitude of the force
needed to supply 100 N'm of torque to the bolt.

42. Letv = 5j and let u be a vector with length 3 that starts at
the origin and rotates in the xy-plane. Find the maximum and
minimum values of the length of the vector u X v. In what
direction does u X v point?

Ja) Let P be a point not on the line L that passes through the
points O and R. Show that the distance d from the point P
to the line L is

_ |axb]
EY

— —
where a = QR and b = QP.

(b) Use the formula in part (a) to find the distance from
the peint P(1, 1, 1) to the line through Q(0, 6, 8) and
R(-1,4,7).

44. (a) Let P be a point not on the plane that passes through the
points O, R, and S. Show that the distance d from P to the
plane is

|(a X D)-c|

|aXb|

—> — —>
where a = QR, b = 0§, and ¢ = QP. )
(b) Use the formula in part (a) to find the distance from the
point P(2, 1, 4) to the plane through the points O(1, 0, 0),
R(0, 2, 0), and S(0, 0, 3).

Prove that (a — b) X (a + b) = 2(a X bh).
46. Prove Property 6 of Theorem 8, that is,
X(MbXc)=(a-c)b—(a-b)c
47. Use Exercise 46 to prove that
ax (X +bx(cxXa)+ex(@axb) =0
48. Prove that

a‘c b-c

axb):(cxd= aod bed

[49.] Suppose that a 5 0.
(a) Ifa-b =a-c does it follow thatb = ¢?



